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A GEOMETRICAL APPROXIMATION TO THE ROOTS 
OF NUMBERS* 


J. M. BARBOUR, Michigan State University 


Origin of problem. By equal temperament is meant the division of the 
musical octave into twelve equal parts or semitones. Since the ratio of the octave 
is 2:1, the ratio of the equally tempered semitone is 2/!*: 1. The piano-tuner, who 
operates with intervals of five and seven semitones, must be cognizant of their 
ratios, but only to the extent that he must know how fast one of these intervals 
should beat in a given part of the keyboard. He tunes by ear, not by mathematics. 
His problem is different in kind from that of the 16th century musical theorist, 
who wished to show players upon the lute and viol how to place the frets upon 
their instruments in order to have equal semitones. For the latter, therefore, 
equal temperament was the geometrical problem of inserting eleven mean pro- 
portionals between 2 and 1. A more general, but equivalent, problem was the 
division of the string of a monochord into equal semitones. By forming unisons 
with the pitches thus obtained, the strings of a harpsichord or the pipes of an 
organ could be tuned. 

Since 12=3X2X2, the problem of equal temperament is essentially the 
problem of the duplication of the cube, a problem which the ancient Greeks were 
unable to solve by Euclidean methods. Several of the methods which they did 
find suitable, such as a circle and a variable secant, a circle and a parabola, etc., 
were repeated by writers of the 16th and 17th centuries. The most popular of all 
was the mesolabium, a mechanical device with sliding parallelograms, ascribed 
to Archimedes [1]. 


Mersenne’s approximation. Pére Mersenne gave an ingenious and excellent 
geometrical approximation for equal temperament, using only the well-known 
Euclidean method for inserting a single mean between two lines [2], [1]. By 
this method he first obtained a major third with the ratio of (3—+/2):2. Since 
the major third contains four semitones, it was then easy to insert three mean 
proportionals within it, and similarly to insert seven proportionals between the 
major third and the octave. In decimals his ratio for the major third was .7929, 
which is .1% shorter than the correct value for the tempered third, .7939, and 
this, of course, was the maximum error in the entire construction. Table 1 gives 
the string-lengths for equal temperament and Table 2 is Mersenne’s approxima- 
tion. The error is expressed as the logarithm of the quotient of the approxima- 
tion by the correct value. 


Galilei’s approximation. Vincenzo Galilei, father of the astronomer, gave 
an approximation that was less accurate than Mersenne’s, but much simpler to 
construct. He took 18:17 as the ratio of the tempered semitone on the lute, and 


* The first part of this article was presented, with the title “An eighteenth century approxima- 
tion to the equally tempered scale,” to the Michigan Section of the Mathematical Association of 
America, April 24, 1951. The author wishes to thank Professor V. G. Grove for his assistance in 
both the initial and final stages of this study. 
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TABLE 1 TABLE 2 TABLE 3 
MERSENNE’S GALILEI's 
EQUAL TEMPERAMENT APPROXIMATION APPROXIMATION 
String- String- 10° Xlog String- 105 Xlog 
Notes lengths , lengths error lengths error 

8 100000 2 100000 0 100000 0 
C# 94387 2uns 94365 —11 94444 26 
D 89090 25/16 89045 —22 89197 52 
Eb 84090 23/4 84028 —33 84242 79 
E 79370 22/8 79290 —44 79562 105 
F 74915 Qmn2 74850 —38 75142 131 
F¥ 70711 22 70658 —33 70967 157 
G 66742 66700 —27 67024 183 
G# 62996 Qus 62966 —22 63301 210 
A 59460 2a 59439 —16 59784 236 
Bb 56123 56110 -11 56463 262 
B $2973 2s 52968 -5 53326 288 
c 50000 1 50000 0 50000 0 


* In Table 1, the string-lengths are 50000 times the mean proportionals in the third column. 


then found the remaining semitones by proportion [3], [1]. However, (17/18)! 
=.50363, which is .7% too long. An easy way to reduce this error is to take twice 
the excess, or .00726, from the opposite end of the string, thus making Galilei’s 
12th fret the exact middle. With this correction, the maximum error, for the 
augmented fourth of six semitones, is .07%. Even without the correction, this 
is a very effective practical method, and, as such, it was referred to in the litera- 
ture for two and a half centuries. 


Strihle’s approximation. In 1743 Daniel P. Strahle presented a curious and 
easy geometrical approximation to equal temperament [4]. This, as the present 
author has described it, was his method (Fig. 1): “Upon the line QR, 12 units in 
length, erect an isosceles triangle, QOR, its equal legs being 24 units in length. 
Join O to each of the 11 points of division in the base. On QO locate P, 7 units 
from Q, and draw RP, extending it its own length to M. Then, if RM represents 
the fundamental pitch and PM its octave, the points of intersection of RP with 
the 11 rays. from O will be the 11 semitones within the octave” [1]. 

Strihle had apparently arrived at his approximation by intuition, for its 
testing was left to Jacob Faggot in the second part of Strahle’s article. Faggot 
(1699-1777), geometer and pioneer political economist, had been a charter 
member of the Swedish Academy at its founding in 1739, was for three years 
its secretary, had 18 articles published in its Proceedings, the last in 1770, and 
in 1776 was ranked No. 4 in the Academy, with Carl Linneaus as No. 2. Faggot, 
the distinguished savant, proceeded to work out by trigonometry the string- 
lengths for Strihle’s approximation. 
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Faggot’s trigonometric solution of Strihle’s construction. The trigonometric 
solution was not difficult: cos ZOQR=6/24, whence ZOQR=75° 31’. Then A 
PQR, with two sides and the included angle known, was solved by the law of 
tangents. All of the other angles formed between QR and one of the rays from 
O could also be found directly; e.g., ctg Z(O II R) =6/15/5, whence ZO II R 
=77° 52’. Therefore, each of the 11 triangles having its base along QR and a 
leg along PR could be solved by the law of sines, since both its base and its 
angles were known. However, there was one little difficulty. Faggot had com- 
puted Z PRQ as 40° 14’, whereas it should have been 33° 32’. If he had made a 
mistake in any of the other angles, he might have caught it. But this was fatal, 
since Z PRQ was used in the solution of each of the other triangles, and exerted 
its baleful influence impartially upon them all. (This error in the size of Z PRQ 
was equivalent to using 8.605 for PQ in place of 7.) 


2 
12 


Fic. 1 


After having computed all the lengths from R along MR, Faggot subtracted 
each of them from MR (=2PR) and then divided by the length of MR. As can 
be seen from Table 4, Faggot did not put Strahle’s method in a very good light, 
for the maximum error is about 1.7%, which is five times as great as a musician’s 
ear would consider acceptable. 


Algebraic solution of Strihle’s construction. A corrected trigonometric 
solution of Strahle’s approximation is unnecessary, for this problem can be 
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solved also by algebraic methods, and the latter solution lends itself better to 
generalization as well as to numerical computation. Using the same basic figure 
as before (Fig. 2), let C be any point on AR. Draw OC, cutting PR at D. Draw 
DJLAR. Then triangles OAC and DJC are similar and so are triangles BAR 
and DJR. From this condition of similitude it follows that DJ/OA =JC/AC; 
DJ/BA=JR/AR=DR/BR. When DJ is eliminated from the above equations, 


JR/AR = JC X OA/BA X AC. 
Substitute (JR—CR) for JC and (AR—CR) for AC: 
JR/AR = OA(JR — CR)/BA(AR — CR). 


2¢ 


Fic. 2 


Cross-multiply, collect terms, and solve for JR: 
JR = CR X OA X AR/{AR(OA — BA) + BA X CR}. 
Then 
DR/BR(= JR/AR).= CR X'0A/{AR(OA — BA) + BA X CR}. 


If m is the fractional power to be approximated, CR=1—m and*AR=}. Let 
OA =a and BA=6. 


° 
ad 
‘ 
7 
OR 
42 
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Substituting these values in the above equation and simplifying the denomi- 
nator: 


DR/BR = 2a(1 — m)/{a + 6 — 2bm}. 
When m=0, PR/BR=2a/(a+6). When WN (the number whose root is to be 
approximated) =2, MP=PR and MD=2PR—DR. Hence 
4a a+6+ (a — 3b)m 
a+b a+b—2bm 2a a+b—2bm 
To fit Strihle’s values into the above formula, let us turn again to the origi- 
nal diagram, and drop a perpendicular PE from P to QR (Fig. 3). Then QE =7/4; 


ER=41/4; PR/BR=41/24. From this last relation, 2a/(a+6) =41/24, a=41, 
b=7. 


(1) 2" = MD/MP = ( 


2¢ 
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Substituting’these values for a and 6 in formula (1), 


24 + 10m 
2 
24 — 7m 
Then, for 
408 398 $88 288 
m = 1, 11/12, 10/12, ---,0, 2" = —, —», 


204° 211° 218° 288 


° 
? 
A R 
42 
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In order to compare with Faggot’s incorrect table for Strahle’s approximation, 
Table 5 shows the above fractions multiplied by 5000. 

It is unfortunate that Faggot’s erroneous figures were copied, with no 
explanation of Strihle’s method itself, in Marpurg’s excellent treatise on musical 
temperament [5]. Since Marpurg had not troubled himself to check Faggot’s 
computations, he was naturally supercilious regarding the method. As can be 
seen from Table 5, Strihle’s greatest errors are about —.11% and .15%. It will 
be noted that the pattern of the errors resembles somewhat a sine curve, rising 
above the axis for small values of m, passing through zero almost at the mid- 
point, and then dipping similarly below the axis. Neither arch of the curve, 
however, is completely symmetrical. 


TABLE 4 TABLE 5 TABLE 6 
Faccot’s NUMERICAL CoRRECTED NUMERICAL APPROXIMATION FOR EQUAL 
VALUES FOR STRAHLE’S VALUES FOR STRAHLE’S TEMPERAMENT, UsinG Cor- 
APPROXIMATION APPROXIMATION RECT VALUE FOR +/2 
String- 105 Xlog String- 10° Xlog String- 10° Xlog 
lengths error lengths error lengths error 
10000 0 10000 0 100000 0 
9379 —276 9432 —32 94305 —37 
8811 —479 8899 —49 88978 —55 
8290 —619 8400 —46 83981 —56 
7809 —706 7931 —33 79290 —44 
7365 —740 7490 -9 74874 —24 
6953 —732 7073 11 70711 0 
6570 — 683 6680 38 66780 24 
6213 —601 6308 58 63061 44 
5881 —478 5955 65 59538 56 
5568 —344 5620 60 56195 55 
5274 —192 5302 38 53020 37 
5000 0 5000 0 50000 0 


Strahle’s approximation generalized. Although Strihle’s approximation was 
devised for a specific purpose, 7.e., to find the successive powers of the 12th root 
of 2, it should be possible to employ a modification of it to find the roots of num- 
bers other than 2. To do this we shall need more than the inspired guess by which 
Strihle made PQ/OQ=7/24. The necessary clue comes from the fact that his 
construction is very nearly perfect for +/2, his fraction being 58/41 = 1.41463, 
which is only .03% too high. If Z MRQ can be adjusted so that MB is precisely 
the mean proportional between MP and MR, this will be the best approximation 
by this method for the roots of the number MR/MP—at least when all (n—1) 
mean proportionals are to be found, as in Strahle’s musical problem, since the 
negative and positive errors are then equalized. 

Let us assume, then, that MP X MR= MB?, Since MR=MP+PR and MB 

= MR-—BR, 


( 
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MP (MP 2a MP 2a ° 
(oe tin) 
BR\BR BR 


This leads to a linear equation in the variable, which simplifies to 


MP a-—b 
BR 2b(a + 


Then 


MR a+b MB a-b 
an 
BR 2b BR 2b 


From this result, 


It follows that 


MD 4 


(3) = — = 
MP a—b/\a+ 6b — 2bm 


It may seem a pity to change so beautifully symmetric a formula, but it will be 
more convenient for general use if we let a—b=1, whence a+b = ~/N. Substitut- 
ing these values in formula (3) and simplifying, we obtain* 


Nm + VN(1 — m) 
— m) 


Table 6 shows the application of formula (4), to the solution of the musical 
problem, with N=2 and m=1, 11/12, etc. If this table is compared with Table 5, 
it will be seen how closely the two approximations resemble each other (here the 
maximum error is less than .13%). One’s admiration for Strahle increases when 
one contemplates the beautiful simplicity of his method. 


(4) 


Construction. Here is the method of constructing a geometrical approximation 
to the roots of numbers, in which the correct mean proportional is used ;f 


Prublem. To construct, by approximation, (z—1) geometric means between 
two given lines. 


* Comment by the referee. This formula can be obtained by interpolating the exponential 
y= N* in the three points: x=0, x=4, x=1 by a linear fractional function (A +Bx)/(C—Dzx). 
Since the latter depends on exactly three parameters, the solution is unique. 

¢ Comment by the referee. This is a very beautiful interpretation of formula (4). The procedure 
is quite natural, as the linear fractional transformation clearly calls for a perspectivity. Indeed, 
the author’s requirement that BA be perpendicular to RQ is irrelevant, since a projective corre- 
spondence on lines is uniquely determined by three pairs of corresponding points. 


MR a+ b\? 
N (=). 
MP 
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Hypothesis. Let MR be the longer of the two lines; NS the shorter (Fig. 4). 


Construction. Construct, by the Euclidean method, the mean proportional 
between MR and NS. On MR, take MP = NS and MB =the mean proportional. 
Through R draw the line QR, forming an acute angle with MR, and drop a 
perpendicular to it from B, which intersects it at A. Take AQ=AR, and draw 
QP intersecting AB prolonged at O. Draw OR. Divide QR into m equal parts 
and drop rays from O to each point of division. 


Conclusion. The lines from M to the points of intersection with the (m—1) 
rays from O will be approximations to the geometric means between MR and 
MP, 1.e., between MR and NS. 


Fic. 4 


Error for N<2. In the range 1<NS2, the errors for the above method of 
approximation are indeed small, the maximum error for N=2 being .13%. This 
error occurs when 


1+ 7.348 
When N =1, the maximum is at 
1+ V.333 
m= 


which is imperceptibly smaller than the previous values. The maximum for 
N=1 is precisely that of the cubic: f(m)=m(1—m)(1—2m), in the range 
0<m 31. Thus the error curve can be fitted remarkably well to this cubic for 


° 
a R 
a 
e 
| 
‘ 
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all values of N in the given range, and such a correction reduces the original 
very small error by something like 99%! However, a complicated third-degree 
formula is needed to obtain the coefficient of conversion for a particular N, and 
this makes correcting the error a somewhat lengthy process. 


Error for N>2. As N becomes large, the maximum error increases very 
rapidly, with max Ey?=8 max Ey. Moreover, with N large, the error curve re- 
tains the same general shape as before, but the maximum is pushed nearer the 
endpoints, 0 and 1. Thus the curve resembles somewhat a higher-order variant 
of a cubic, namely, a curve having an equation of the form: f(x) =x(1—x"4), 
where a>1 and is not necessarily an integer. For most values of NV it would be 
impossible to calculate the correction function by elementary methods. Thus it is 
not at all feasible to use this method of approximation with large numbers. 


Reduction by repeated mean proportionals. The roots of large numbers can 
be approximated with a high degree of accuracy, however, by a simple adapta- 
tion of our version of Strihle’s geometrical approximation. One of its essential 
features was the finding of a single mean proportional. Moreover, Mersenne has 
used nothing but mean proportionals in his approximation for equal tempera- 
ment shown in Table 2. If mean proportionals are taken repeatedly, the problem 
of approximating the desired root may eventually be reduced to an interval in 
which the ratio is no greater than 2: 1—the range in which the error is very small 
—after which, if desired, the cubic-curve correction may be applied. 


Conclusion. As a geometrical approximation, the method shown in this 
article is simple and works exceedingly well for small numbers. It is especially 
advantageous for obtaining approximations to the successive powers of a root, 
as in its original application to the solution of a musical problem. For larger 
numbers, the extended method which uses repeated mean proportionals will also 
be easy to operate geometrically until the mere length of the lines becomes a 
burden. As a numerical approximation, the method also gives good results for 
small numbers, and is superfine with the correction which uses the cubic curve. 
For large numbers, the labor of taking repeated square roots, multiplying to- 
gether the numbers thus obtained, and applying a complicated correction for- 
mula is not commensurate with the results obtained. 
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PARABOLAS ASSOCIATED WITH A TRIANGLE* 
VICTOR THEBAULT, Tennie (Sarthe), France 


Introduction and notation. Bullard [1] cited some of the properties of the 
Arzt [2] parabolas (A), (B), (C) associated with the triangle T=ABC. (A) is 
tangent to AB at B and to AC at C. Although these parabolas were studied a 
long time ago [3], we shall give some details not generally known. 

Let a, b, c, S be the lengths of the sides and the area of the triangle T; 
Ma, Me, Me, he, hy, he be the medians AA,, BB,, CC; and the altitudes AA’, BB’, 
CC’; O the center of the circumcircle (O) of radius R and O, the center of the 
nine-point circle (O,); H, G, K the orthocenter, the centroid, and the Lemoine 
point (symmedian point); Az, Bz, C: and A3, Bs, C; the midpoints (Euler points) 
of HA, HB, HC and the points of intersection of (O,) with AA:, BB, CCi; 
(Da), (Ds), (De), Aa, Ba, Ce and Pa, po, pe the directrices, the foci, and the pa- 
rameters of the Arzt parabolas (A), (B), (C); V the Brocard angle of T. 


1. Some known properties. The median AA, of T is parallel to the axis 
of (A), and AA, is antiparallel to A A; with respect to AB and AC. (A) is tangent 
to B,C, at its midpoint a; and the focus A, is on the circle A B,C,. The directrix 


* Translated from the French by W. E. Byrne. 
10 
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(D.) passes through the orthocenter A: of the triangle A B,C,. (D.) is perpendicu- 
lar to AA; at A;; similar statements hold for (D,) and (D,). 

2. The directrices of (A), (B), (C). THEOREM. If the perpendiculars to AB 
and AC at A, to BA and BC at B, to CB and CA at C meet the altitudes BB’ and 
CC’ at A, and A,., CC’ and AA’ at B, and B,, AA’ and BB’ at C, and C,, the lines 
AvAc, BeBa, are the directrices (Da), (Dv), (Dz). 


Proof. The quadrilateral A A-HAy is a parallelogram and its diagonals AH, 
A,A; intersect at A». The triangles ABC and AHA, are similar since corre- 
sponding angles are equal; likewise ABC and AA,H are similar. As these pairs 
of similar triangles have corresponding sides perpendicular, the medians A2A» 
and A:A, of AHA; and AA,H are perpendicular to AA, so they coincide 
with (D,). 


THEOREM. The directrices (Da), (Ds), (D-) meet the sides BC, CA, AB at 
collinear points Ag, As, Ac. 


Proof. If (Dz) meets BC at Aq, the diagonal A,Az2 of the quadrilateral 
A,A'A2As, inscribed in (O,) and having two opposite right angles, is an altitude 
of triangle AA,A,. But AA: is parallel and equal to OA, so that AA, coincides 
with the tangent ¢ at A to the circle (O) and A, is the intersection of t and BC. 
Thus A, is the pole of AA, with respect to (O). The points Ag, Ay, A, are on the 
polar of the point of intersection K of AA,, BB,, CC, with respect to (O), called 
the Lemoine line of T. 


Coro.uary. The pairs of lines AA,and BC, BB, and CA, CC, and AB, form 
couples of conjugate lines with respect to (O) and respectively with respect to (A), 
(B), (C). 


Proof. AA,and BC are conjugate with respect to (O) since BC, (Dag), ¢ meet 
at the pole a’ of AA,. The polar of a’ with respect to (A) passes through the 
conjugate of a’ with respect to B and C, that is the intersection of AA, and BC, 
and through A since the tangent lines of (A) at B and C meet in A. Thus the 
polar of a’ with respect to (A) is precisely AA,. 


3. THEOREM. The lines AzA4, B3By, C3Cy are perpendicular to the lines BC, 
CA, AB. 


Proof. Since the midpoint a; of BiC; is on (A), a:A43=a;Ay. As and A, are 
symmetric with respect to BiC, so that A3A, is perpendicular to BC. 


Coro.uary. If the lines AAs and meet OA, and (D,) in M and N, re- 
spectively, MN is parallel to OA. 


Proof. The quadrilateral A;MA,N is inscribed in the circle described on MN 
as a diameter, so 


Z4NMA,=Z LAAC. 


| 
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But if AA; and AA, meet (OQ) at A? and A/, then Z4A,;,C=Z AOA, since these 
angles are measured by 


$(arc AC + arc Aj B) = $(arc AC + arc CA?). 


Arc Aj B=arc CA? since AA/ and AA? are isogonal with respect to the angle 
BAC. Hence Z NMA,s=ZAA,C=ZAOA,and MN is parallel to OA. This shows 
once more that BC, (D,), OA, and ¢ are concurrent. 


4. THEOREM. The perpendicular bisectors of the segments AyA-, B-Ba, CaCy in- 
tercepted on the directrices (Da), (Dv), (De) of (A), (B), (C) by the altitudes BB’ 
and CC’, CC’ and AA’, AA’ and BB’ meet at the midpoint of GH. 


Proof. The perpendicular bisectors of the segments in question pass through 
the midpoints As, Bz, C. of AH, BH, CH and are parallel to the medians AA, 
BB,, CC, of T. 


5. LemMA. The centroid and the Lemoine point of the antipedal triangle 
Ti =A{ Bi CY of the centroid G of T, with respect to the triangle T’’=A'’B''C"” 
having as its vertices the points of intersection of the medians AA;, BB, CC, with 
(O), coincide with G and with the symmetric of G with respect to O. 


Proof. Triangles T and Tj are conjugate with respect to the circle of center 
G and of which the square of the radius is the power GO? — R? of G with respect to 
(O). The point G has the same barycentric coordinates with respect to both T 
and TY, so G is the common centroid of these triangles. Tj is circumscribed 
about a conic of which the foci G and G’ are symmetric with respect to O and 
isogonal conjugate with respect to Ty. G’ coincides with the Lemoine point 
of TY. 


Lemma. The Lemoine point and the centroid of the antipedal triangle t{ of G 
with respect to T coincide with G and with the symmetric G’ of G with respect to O. 


Proof. Triangles tf and Ty are symmetric with respect to O. 


THEOREM. The directrices (Da), (Ds), (De) form a triangle Ty) =aBy of which 
the centroid and the Lemoine point are the centroid of T and the center of the segment 
GH, respectively. 


Proof. The triangles t{ and 7» are related by a homothetic transformation 
of center H and ratio 2. The centroids and Lemoine points are homologous 
points. 


CoroLuary. The medians of To are perpendicular to the sides of T. 


6. THEOREM. The lines A;Sa, BzSy, C3S- meet at the orthocenter H of T [4]. 
Sa, Ss, S. are the vertices of (A), (B), (C). 


Proof. Let b’, c’ be the orthogonal projections of B, C on (Dg). As bisects 
b’c’; b’, c’ are symmetrical to A, with respect to the tangents AB, AC of (A). 
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Consequently the triangle A3b’’c’’ of which the vertices b’’, c’’ are the midpoints 
of A,yb’, Ayc’ is homothetic to the triangle HA,A,., with the point M of inter- 
section of A,c’’ and A,b’’ as homothetic center. Furthermore, triangles AA,A» 
and A,c’’b"’ are also homothetic with center M. H and A;, Asand S, are homolo- 
gous in these similitudes, and H, As, S, are collinear, as well as H, Bs, S, and H, 
Cs, Se. 
7. Metric relations. THEOREM. The distances Ga, GB, Gy from G to the vertices 

of To are proportional to the lengths of the sides of T. 4 


Proof. T and Ty have a common centroid G and the Lemoine point of T coin- 
cides with the centroid of the pedal triangle K.K,K, of K with respect to T. 
The homothetic ratio 


GA 3/KK’ = k, 


where KK’ is the altitude of triangle KK,K., has the value (see the following 
theorem): 


k = (GA — A;A)/KK’ = (=- ime DE 


2m, 


2S cot V Ss 
- / ( )-+ = — cot? V. 
3m, 2m, cot V 3 


Hence Ga/KKa=k=Ga-2 cot V/a, so Ga/a=GB/b=Gy/c=§} cot V. The tri- 
angles T and T» have the same Brocard angle since 


KK. + K.K. + K.Ky = 3S/cot V and K.KiKe = 35/4 cot? V. 


THEOREM. The distances GAs, GB3, GC; of G to the directrices (Da), (Dv), (De) 
are inversely proportional to the lengths ma, ms, m, of the medians. 


Proof. From the relation AA;-AA,=AA2-AA’ it follows that 
AA; = AA;-AA'/AA; = Rh, cos A/m, = bc cos A/2m,. 
Also 
GA; = GA — = 2m./3 — be cos A/2me 
= (4me — 3bc cos A)/6ma, 
(1) GA; = (a? + b? + c*)/12m, = S cot V/3mg. 
Thus 


Coro.iary. The circles of diameters AAs, BBs, CC; are orthogonal to the 
orthoptic circle of the Steiner ellipse inscribed in the triangle T. 


Proof. If « denotes the radius of the orthoptic circle (G, 7) of the Steiner 
ellipse inscribed in T, then 
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2m b?+ c? 
12m, 3 18 


GA;-GA = = o? = GB;-GB = GC; GC. 


THEOREM. The distances AAs, BBy, CC, are inversely proportional to the 
products ame, bmp, cme. 


Proof. Let Oa, Ov, O. designate the poles of BC, CA, AB with respect to (QO). 
From AA,/AO,=AA;/AA,; it follows that 


becosA 


(2) AA, = / me = 2RS/am,. 


2m, cosA 
Hence 
AA,g:am, = BB,-bm, = CC4-cm,. 


THEOREM. The distances GA4, GB,, GC, are inversely proportional to the lengths 
of the medians. 


2 2 2 — 2 
Proof. A:G =}[AiA +A,B +A,C —(GA +GB +GC )]. If M and N are 
the orthogonal projections of B and C on (D,), 


CA, = CH + HA, = 2RcosC + ccot A = 26R/a, 
CN = CA, sin A,;AB = b?/2m,, 
(3) BM = c?/2m,. 
Since (A) is tangent at C to AC, 
AC =0?/2m.=CN, =c?/2m,= BM 


and 
AA +AB +AC = +c! + b')/4m,, 
GA? + GB? + GC? = (a? + Bb? + c?)/3, 
we have 
and finally 


GAg-m, = GBy-m, = GC4-m.. 
CorROLiary. The products 
ma‘GA, = my-GB, = m.-GC, = 3 (at + + ct — — c2a? — a%b?)1/2, 


CoROLLARY. The distances A4B, and and ByA1, CyAi and C,B, of the 
foci of (A), (B), (C) to the vertices of the medial triangle A,B,C, of T are inversely 
proportional, in pairs, to the lengths of the sides c and b, a and c, b and a of T. 
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Proof. From the formula for the square of the median A,A, of the triangle 

A,AC it follows that 

(4) A,B, = ab/4ma, AC: = ca/4m,. 


CoROLuary. The circles symmetric to the A pollonian circles of triangle A,B,C, 
with respect to the midpoints of ByC,, C:A1, AiB: pass respectively through the foci 
of the Arzt parabolas of T. 


Proof. This proposition follows from (4) since A4B,/A,C,=b/c, ---. 


CoROLLARY. The distances (A4Gs, AsG.) of the focus of (A) to the centroids Gy, 
G. of the triangles (AGC, AGB) are proportional to the squares of the medians 
(me, mp). 


Proof. An application of Stewart’s theorem to the triangle A,BB,, where the 
side BB, is divided by G in the ratio B,G,/G,B =}, shows that 
(5) = 2m./9me, AGe = 2ms/9me. 


Coro.uary. The parabolas (A), (B), (C) pass respectively through the centroids 
Gy and G., G. and Ga, Ga and Gy of triangles GCA and GAB, GAB and GBC, 
GBC and GCA [5]. 


Proof. This follows from (5), which expresses also the distances from G, and 
G, to (Da). Let GpG,’ be the distance from G, to (D,). 


GA; = + = + 
From (1), (3) it follows that G,G,’ =2m?/9m.=GA,. 


THEOREM. The parameters pa, po, Pe of the parabolas (A), (B), (C) are in- 
versely proportional to the cubes of the medians ma, mp, Me. 


Proof. The triangles AA,A, and A,c’b’ are homothetic. 
= = AA,/Agb’ = AA,/2AQb", 
= pa = 


but 
be S 
A,b" = A,AsinCAA; = cS/2m, 
so 
= bcS sin A/2m. = S'/me 
Thus 


= poms = pom. 
8. Exercises. If the vertices B and C of Tare fixed, determine the geometric 


SS 
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locus of the focus A, and the envelope of the directrix (D,) of the parabola (A) 
under the following hypotheses: [5]: 
1) A describes a given circle passing through B and C. 
2) A describes a given circle belonging to the coaxial system for which B 
and C are Poncelet limit points. 
3) A describes a circle having A; as its center _ radius /. 
4) A describes a straight line passing through Ai. 
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SUGGESTIONS TO STUDENTS ON TALKING ABOUT 
MATHEMATICS PAPERS* 


G. E. FORSYTHE,+¢ New York University 


The art of giving a talk is to choose and follow a dramatic technique ap- 
propriate to the occasion and to the audience. This is just as true of a mathe- 
matics talk as it is of an after-dinner speech. There are at least three types of 
mathematics talks which you may want to deliver: (1) a ten-minute paper be- 
fore a scientific society; (2) a one-hour colloquium lecture before a department; 
(3) a review of a journal paper or a discussion of some problem in a working 
seminar. 

Each of these talks has its technique, and the three techniques are different. 
I'd like to consider the working seminar, and give some suggestions that may 
help you get started. They won't fit all cases, of course, but I hope they will at 
least convince you of the importance of planning your talks carefully, and of 
looking objectively at the technique involved. 

Acquiring background. As soon as you learn of a paper you will be studying, 
write the author for a reprint. A statement of your need may help you get it 


* With many suggestions from colleagues at New York University and from the editors of the 
MonTHLy. My students have expressed the hope that faculty members also will pay attention to 
these suggestions! 

t The author is now at the University of California, Los Angeles. 
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promptly. Most authors are delighted to receive requests for reprints, but don’t 
be disappointed if the author has none left. 

Allow a lot of time for study of the papers that you are to report on. You 
must know as much about a key paper as the author does; if you possibly can, 
you should understand it even better. Study where each hypothesis is used in 
the proof. (Could any hypothesis be weakened or eliminated? Here is often a 
place to start research of your own.) See how the results look in significant special 
cases. Actually compute numerical examples, if they are -elevant, or special 
concrete cases where you can see what is going on. Not only are such cases illumi- 
nating, but they are also often extremely amusing. 

Preparing the talk. Ask early for any suggestions the seminar instructor, 
or some older friend in your department, is able to give. When you have mastered 
the material, you are ready to draft a talk. Assume that your audience will 
know nothing about the subject except what may have been said in the seminar 
previously. But credit them with the intelligence to catch on quickly. 

I would suggest writing down almost every word you expect to say, and every- 
thing you expect to write on the board. I would then reduce the above to an 
outline including the first and last sentences and the blackboard material ver- 
batim, but leaving only key words for the rest. At this point I would throw away 
the word-for-word write-up, as it can only harm your talk henceforth! Reading 
a talk is utterly ineffective. 

Using your outline, have a very serious rehearsal alone with a blackboard, 
preferably in the room where the seminar meets. To keep an orderly array, plan 
where each formula will be written, and plan what will be erased and when. 
Write everything on the board as though your audience were present. Time 
yourself, and allow time for heckling from the audience later. This is a good time 
to check up on common sense, but often forgotten, details of speaking: posture, 
voice (no mumbling), writing (be sure you don’t hide it, and go to the back of 
the room to check that your writing is readable). 

At this stage you will probably have to prune your talk to save time. A 
second rehearsal is then in order, especially if you have changed the talk sub- 
stantially. If there are one or two fellow-students who are your good friends and 
critics, you might consider inviting them to the second rehearsal to provide 
audience reaction and questions. 

A suggestion which seems silly but which is apparently needed is to learn 
the Greek letters. You will also want to pronounce names correctly. Note, for 
example, that “Lewy” rhymes with “gravy,” and that W. E. Milne pronounces 
his last name in one syllable. 

Content of the talk. To gain time, I would have on the side board in advance 
all material—like references, tables and detailed diagrams—which takes much 
time to write, but which is to be read rather rapidly. On the other hand, it is 
deadly to write in advance anything in the main development of the subject. 

Your introduction is vitally important and must be most carefully planned. 
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You must set the stage by putting your subject in the framework of the audi- 
ence’s knowledge. Where do today’s results fit into the general field? A historical 
approach is usually a good one; in this you recapitulate the main results and 
their discovery in chronological order. You will have to decide what definitions 
will first be given to make the history intelligible. 

After (or before) you have traced the main developments in a general fashion, 
develop your basic definitions and notations carefully on the board and, if 
possible, leave them there for much of the talk. Lose no time here, but omit no 
essential detail. 

A good technique is next to write down and interpret all of the theorems that 
you are going to cover. Include all the generality the author has contrived. 
Leave nothing undefined. Leave the theorems on the board (abbreviated, if 
necessary) for later reference. 

Now discuss the implications of these results for the subjects of the seminar. 
Are there extensions of the theory? Do you recognize any promising unsolved 
problems; are there conjectures about them? 

Next it is time for the key proofs. There are two good reasons for postponing 
them to now: 

(1) you can control your time by eliminating or adding proofs, with the least 
harm to the total dramatic effect; 

(2) you will undoubtedly lose some people in details, and you prefer to lose 
them as late as possible in your talk. 

Select the proofs to be given on the basis of the representativeness or novelty 
of the methods used, the importance of the results, etc. When you give a proof, 
give it carefully. While the ten-minute talk and even the colloquium talk will 
ordinarily avoid details, the working seminar is expected to get to the bottom of 
the subject. (If they don’t, who will?) So roll up your sleeves and pitch in, and 
don’t try to prove theorems by waving your hands. You can sometimes build a 
sound account of a proof around a special case. But afterwards try to tie it in 
with the general case. Let the audience know where each hypothesis enters the 
proof. 

Conclude with a reiteration of the nature of the contribution here and its 
significance. And stop. You should welcome discussion and criticism, and one 
way to get it is to stop early. There are many sins that mathematical speakers 
fall heir to. I have tried above to show you how to avoid some of them. A com- 
mon and deadly sin is to talk too long. The human animal ordinarily cannot and 
will not listen for more than one hour. So—when your time is up (or even a bit 
earlier), thank your audience for their attention and SIT DOWN. 

As a final suggestion, attend all the talks you can by masters of the art, and 
study their techniques. 


A NOTE ON THE STAUDT-CLAUSEN THEOREM 
L. Caruitz, Duke University 


If we put 
x 
1 B,—» 
(1) e-—1 n|\ 


so that Ben4:=0 for m1, then according to the Staudt-Clausen theorem (see, 
for example [2, p. 33], [3, p. 257]) 
1 
(2) Bim = Am— 2) — (m = 1), 
where Az, is an integer and the sum is over all primes p (including 2) such that 
p—1|2m. Thus (2) implies 


(3) pBim = — 1 (mod p) (p — 1|2m); 


also the denominator of B:,, contains no repeated prime factors. 

In view of the above it is perhaps natural to ask whether there exists a se- 
quence of rational numbers b:,, defined by a simple generating function such that 
if (p—1)p"| 2m, then the denominator of b2,, contains p’*!. It is not difficult to 
construct such a sequence. Indeed it follows easily from (1) that 


1 
- 
n=l 


so that 
x* 
(4) dX R — = log 
n=1 n! 
where 
B, 
(5) R, 


Now in the first place it is known [3, p. 261] that if ?’| m but p—1]2m then 
the numerator of Be» is divisible by p’; consequently by (5), Ram is integral 
(mod p) provided p—1}2m. On the other hand if p—1 | 2m and ?* is the highest 
power of p dividing 2m, then it is clear from (3) and (5) that the denominator 
of Rem is divisible by exactly p*+!. This result can, however, be made more pre- 
cise. The writer has proved [1, Th. 3] that if (p—1) t’| 2m then 


(6) Bun +— 1 = 0 (mod #) (p 3). 


19 


= log (1 — e*) — log x, 
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This implies 


2m 


1 1 
p 


where J is integral (mod p). Consequently if p* is the highest power of p divid- 
ing m 
(7) Rom = — 1)/2m (mod (p 2 3), 


which may be compared with (3); note that both numerator and denominator 
of p’(p—1)/2m are prime to p. 
As for the excluded case p=2, we recall [2, p. 18] that 


(8) Bom4i(2) — Bamii(1) = 2m + 1, 


where Bam4:(x) is the Bernoulli polynomial of degree 2m+1. But Bem4i(1) =0 
for m1; thus (8) becomes Ban4i(2) =2m-+1, that is 


2m+ 1 


2m+1 
(2m + 1)2Bm + ( +( 
3 2m —1 


+ 


2m + 1 
(9) ( ) 2B, + = 2m +1, 
m—1 1 
(2m + 1)(1 — 2Bom) = ) 22*+1 + (2m + 1)22™B, + 2241, 


Now let 2” be the highest power of 2 dividing 2m. We have 


+ (2m + 1)2m ‘) 2% = 0 (mod 2"), 


2s+1 (2s + 1)2s \2s—1 
so that 
m—1 + 0 (mod art), 
2s 1 


Also for m= 2, since 2m—1=r-+1, 
(2m + 1)2°™B, = 0 (mod 2"), 
Consequently (9) becomes (2m+1)(1—2Bz,) =0 (mod 2°+!), that is 
(10) 2Bom = 1 (mod 2°+") (m = 2). 


This is equivalent to 


(11) = (mod (m = 2), 
2m 
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which is of the same form as (7). Since B,=1/6, (10) and (11) do not hold for 
m=1. 
We may now state the following 


THEOREM. Let p’ denote the highest power of the prime p dividing 2m. Then 
if p—1}2m, Rem is integral (mod p). If p—1| 2m, then (7) and (11) hold. 
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THE WILLIAM LOWELL PUTNAM MATHEMATICAL COMPETITION 
L. E. BUSH, Kent State University 


The following results of the sixteenth William Lowell Putnam Mathe- 
matical Competition held on March 3, 1956, have been determined in accordance 
with the constitution of the competition. This competition is supported by 
the William Lowell Putnam Intercollegiate Memorial Fund left by Mrs. Put- 
nam in memory of her husband and is held under the auspices of the Mathe- 
matical Association of America. 

The first prize, four hundred dollars, is awarded to the Department of 
Mathematics of Harvard University, Cambridge, Massachusetts. The members 
of the team were David B. Mumford, Rohitkumar Parikh, and Kenneth G. 
Wilson; to each of these a prize of forty dollars is awarded. 

The second prize, three hundred dollars, is awarded to the Department of 
Mathematics of Columbia College, New York City. The members of the team 
were David M. Bloom, Jonathan Lubin, and Jerrold Rubin; to each of these a 
prize of thirty dollars is awarded. 

The third prize, two hundred dollars, is awarded to the Department of 
Mathematics of Queen’s University, Kingston, Ontario. The members of the 
team were Donald J. C. Bures, Paul A. Herzberg, and Edward James Woods; 
to each of these a prize of twenty dollars is awarded. 

The fourth prize, one hundred dollars, is awarded to the Department of 
Mathematics of Massachusetts Institute of Technology, Cambridge, Massa- 
chusetts. The members of the team were Richard Bumby, James Bjorken, and 
Peter Wolk; to each of these a prize of ten dollars is awarded. 

The five persons ranking highest in the examination, named in alphabetical 
order, are Trevor H. Barker, Kenyon College; David M. Bloom, Columbia 
College; Richard M. Friedberg, Harvard University; David B. Mumford, 
Harvard University; and Kenneth G. Wilson, Harvard University. Each of these 
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will receive a prize of fifty dollars. 

The nine succeeding persons (nine to fourteenth tied) ranking highest in the 
examination, named in alphabetical order, are Richard Bumby, Massachusetts 
Institute of Technology; Pau! Henry Monsky, Swarthmore College; Rohitkumar 
Parikh, Harvard University; Myron Richard Porter, University of California 
at Berkeley; Richard Pratt, Washington University; Ian Richards, University 
of Minnesota; Howard C. Rumsey, California Institute of Technology; John 
Robert Stallings, Jr., University of Arkansas; and Edward James Woods, 
Queen’s University. 

The following teams, named in alphabetical order, won honorable mention: 
Carnegie Institute of Technology, Pittsburgh, Pennsylvania, the members of 
the team being Judith Barbara Hirschfield, Hugh N. Pendleton 3d, and George 
Bruno Rybicki; Cornell University, Ithaca, New York, the members of the team 
being Donald Kahn, Stanley Kaplan, and Robert Riley; Kenyon College, 
Gambier, Ohio, the members of the team being Trevor H. Barker, Thomas M. 
Jenkins, and Robert E. Mosher; and the University of Rochester, Rochester, 
New York, the members of the team being Charles McCarthy, Roy Schult, and 
Ronald Winkelman. 

Ten individuals were given honorable mention. The names, in alphabetical 
order, are: David G. Cantor, California Institute of Technology; Robin Hart- 
shorne, Harvard University; Judith Barbara Hirschfield, Carnegie Institute of 
Technology; Charles McCarthy, University of Rochester; N. David Mermin, 
Harvard University; Don Moore, University of California at Los Angeles; Paul 
Penfield, Jr., Massachusetts Institute of Technology, Max A. Plager, Massa- 
chusetts Institute of Technology; Paul A. Schweitzer, College of the Holy Cross; 
and James D. Stasheff, University of Michigan. 

A total of 372 individuals from 78 institutions entered the competition this 
year. Of this number 81 individuals and two institutions were unable to compete, 
due to various reasons. Therefore, a total of 291 undergraduates from 76 insti- 
tutions actually took part in the competition. 

The following is a list of all colleges and universities which entered teams in 
the competition. The list is arranged in alphabetical order: Agricultural and 
Mechanical College of Texas, Alabama Polytechnic Institute, Arizona State 
College (Flagstaff), Arizona State College (Tempe), Brooklyn College, Cali- 
fornia Institute of Technology, Carleton College, Carnegie Institute of Tech- 
nology, Catholic University of America, College of the City of New York, 
College of the Holy Cross, Columbia College, Cornell University, Dartmouth 
College, Harvard University, Haverford College, lowa State College, Kenyon 
College, Knox College, Lebanon Valley College, LeMoyne College, Massa- 
chusetts Institute of Technology, McGill University, McMaster University, 
Memphis State College, Montana State College, Oberlin College, Occidental 
College, Polytechnic Institute of Brooklyn, Princeton University, Purdue 
University, Queen’s University (Canada), Rutgers University, Saint Olaf 
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College, San Jose State College, Siena College, Stanford University, Swarth- 
more College, The Cardinal Stritch College, United States Naval Academy, 
University of Arizona, University of British Columbia, University of California, 
Berkeley, University of California, Los Angeles, University of Detroit, Uni- 
versity of Michigan, University of Minnesota, University of Oregon, University 
of Pennsylvania, University of Rochester, University of Tennessee, University 
of Toronto, Wayne University, West Texas State College, and Yale University. 

The following colleges and universities, alphabetically arranged, entered 
individual contestants only: Assumption College (Windsor, Ontario), Brandeis 
University, Brown University, Georgetown University, Gustavus Adolphus 
College, New York University, Ottawa University (Kansas), Purdue University 
Center (Fort Wayne, Indiana), Sacramento State College, Seattle University, 
Temple University, The Cooper Union, The Ohio State University, The Uni- 
versity of Texas, University of Arkansas, University of Houston, University of 
Washington, Washington University (St. Louis, Missouri), Wesleyan College 
(Macon, Georgia), and Wesleyan University (Middletown, Connecticut). 

Any department of mathematics may obtain the individual rankings of 
contestants (except for the relative ranks of the first five) for the purpose of 
selecting graduate students. 

Those participating in the competition were given the following lists of prob- 
lems: 


Part I 
1. Evaluate 


1 a — 1) 
tim | — ] 
a—il 
where a>0, a¥1. 


2. Prove that every positive integer has a multiple whose decimal representa- 
tion involves all ten digits. 

3. A particle falls in a vertical plane from rest under the influence of gravity 
and a force perpendicular to and proportional to its velocity. Obtain the 
equations of the trajectory and identify the curve. 

4. Suppose the m times differentiable real function f(x) has at least m+1 
distinct zeros in the closed interval [a, 6] and that the polynomial 
P(z)=2"+C,12""!+ ---+Cy has only real zeros. Show that (D* 
+C,1D*"!+ +C,)f(x) has at least one zero in the interval [a, 5] 
where D* denotes as usual d*/dx". 

5. Given n objects arranged in a row. A subset of these objects is called un- 
friendly if no-two of its elements are consecutive. Show that the number 
of unfriendly subsets each having k elements is 
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6. (a) A transformation of the plane into itself preserves all rational dis- 


tances. Prove that it preserves all distances. 
(b) Show that the corresponding theorem for the line is false. 


7. Prove that the number of odd binomial coefficients in any finite binomial 


expansion is a power of 2. 


Part II 
1. Show that if the differential equation 


M(x, y)dx + N(x, y)dy = 0 


is both homogeneous and exact then the solution y=f(x) satisfies xM 
+yN=C (constant). 

. Suppose that each set X of points in the plane has an associated set X 
of points called its cover. Suppose further that 


(i) XOYDXUYVUY, where U designates point set sum (or union) 
and > denotes set inclusion. 


Prove: (a) XDX, (b) ¥ =X, (c) XD Y implies XDY. 

Prove conversely that (a), (b) and (c) imply (i). 

. A sphere is inscribed in a tetrahedron and each point of contact of the 
sphere with the four faces is joined to the vertices of the face containing 
the point. Show that the four sets of three angles so formed are identical. 
. Prove that if A, B, and C are angles of a triangle measured in radians then 
A cos B+sin A cos C>0. 

. Consider a set of 2” points in space, >1. Suppose they are joined by at 
least n?+1 segments. Show that at least one triangle is formed. Show that 
for each n it is possible to have 2m points joined by n? segments without 
any triangles being formed. 

. Given 7,=2, n>0. Prove: 


(a) If m¥n, T, and T, have no common factor greater than 1. 


1 
(b) 


. The polynomials P(z) and Q(z) with complex coefficients have the same 
set of numbers for their zeros but possibly different multiplicities. The 
same is true of the polynomials P(z)+1 and Q(z) +1. 

Prove that P(z)=Q(z). 


Solutions of the Problems.* The following solutions are not taken from any of 
the contestants’ papers, but generally embody ideas used by many contestants. 


* These solutions are published solely for the information of interested persons. Neither the 
editor, nor the director of the competition, nor the paper grader will enter into any correspondence 
concerning them. 


24 
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The presentation here is intended as a brief sketch of the method of proof rather 
than as a model of a detailed proof such as is expected from the contestants. 


Part I 


1. Let u=[(a*—1)/(ax—x)]*, so that In w=[—In |a*—1| —In 
| a—1 | ]/x. By L’Hospital’s rule, lim... [In x|/x =0, and thuslim,.,.ln u=lim,.. 
[In | a?—1| ]/x. For 0 <a <1, this is not an indeterminate form, limz.. [In «] =0, 
and lim,.. “=1. For a>1, lim... [In |a*—1| ]/x=In a by L’Hospital’s rule 
and thus lim,.., “=a in this case. 

2. Let m be a positive integer and k a positive integer such that 10*>n. 
Some multiple of say hn, satisfies 1230456789 X 10* < 1230456789 X10* 
+10*. Clearly every integer in this range contains all ten digits and the proof is 
complete. 

3. Take the y-axis vertically downward in the given vertical plane with the 
origin at the initial position of the particle. If at time ¢ the position of the particle 
is given by (x(¢), y(¢)), then the force acting on the particle at time ¢ is the vector 

cy’, wm—cx'], where m is the mass of the particle and wm is the magnitude of 
the gravitational force and c is a constant of proportionality. The x-axis may be 
chosen to make c>0. Thus the equations of motion are mx’’=cy’ and my’’ 
=wm—cx'. Integrating the first equation and applying the initial conditions 
we have that mx’=cy. Substituting for x in the second equation we get m*y’’ 
=wm?—c*y. Solving for y and x by standard methods we get y=A(1—cos (at)), 
x=A(at—sin (at)), where A =wm?/c? and a=c/m. This is the equation of a 
cycloid. 

4. Let n=1 and suppose f(z:) =f(ze) =0, 2:%22, in [a, 6] with w any real 
constant. If the zeros of f are dense in the interval [z:, ze], then f vanishes identi- 
cally in the interval and so does f’ —wf. If the zeros of f are not dense in [z:, ze] 
there is a subinterval in which f does not vanish except at the end points. We 
shall designate such an interval by [1, 2]. Thus In | f(x)| attains a maximum 
at some point interior to v2]. It follows that [In |f(x)| —In |f()| 
attains all positive values as x varies in [m, 5) and attains all negative values as 
x varies in (b, u2]. By the mean value theorem, it follows that f’(x)/f(x) attains 
all real values in (u, 2) and thus f’ —wf vanishes in [z;, 22] in this case also. 

The induction follows, since if P(z) =] [5.. (z—w,;), then 


5. Let S be an unfriendly subset containing k elements. For each element 
a; contained in S let m; be the number, possibly zero, of elements a, of a, 
a2, - ++, a, such that h<j and a, does not belong to S. By this rule each un- 
friendly subset determines k distinct non-negative integers in [0, n—k] and it is 
easily seen that the correspondence is biunique. Thus the number of unfriendly 


| 
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subsets required is the same as the number of combinations of n—k+1 elements 
taken k at a time. 

6. Let P and Q be distinct points of the plane and P and Q their images 
under the given transformation. Given w>0, there is a point R such that the 
distances d(P, R) and d(R, Q) are both rational and d(R, Q) <w. Indeed a circle 
with center Q and rational radius r <w intersects infinitely many circles which 
have center at P and rational radius. Then d(P, Q)—2wsSd(P, Q)—2d(R, 
R)+d(R, Q) Sd(P, Q)+2d(R, Q) Sd(P, Q) +2. Since w is an arbitrary positive 
number, this proves (a). 

Take any point on the line as origin of a coordinate system. Let all rational 
points be fixed under the transformation and let all irrational points be trans- 
lated one unit in the positive direction. Then all rational distances are preserved 
but not all distances are preserved. 

7. Suppose the proposition false and let m be the smallest positive integer 
such that the number of odd coefficients in the expansion of (x+y)" is not a 
power of 2. By inspection 7 is not 1, nor is ” equal to 2. 

Case 1. Let n=2k, with k a positive integer. If m is odd then, writing »Cn 
for binomial coefficients, »Cn= {(n—m+1)/m},Cn—1 is an even integer since 
n—m-+1 is even. Thus all the odd coefficients must occur for even values of m. 
Let m=2g. Then ,C,, is congruent (mod 2) to 


XK (n— m) 


by removing all odd factors and divisors. That is, if x and y are congruent (mod 
2) then so are hx and ky for any odd integers h and k, and conversely. But the 
latter fraction is evidently .C,. Thus .C,=2Ce2, is odd if, and only if, «C, is odd 
and so the number of odd coefficients in (x+y)" is the same as the number of 
odd coefficients in (x+y)*, which contradicts the assumption that » was the 
least positive integer for which the proposition fails. 

Case 2. Let »=2k+1, with k a positive integer. Since ,C, =,C,—m and, since 
n and m—™m are not congruent (mod 2), the number of odd coefficients is twice 
the number of odd coefficients obtained by considering only even values of m in 
the symbols ,C,,. But as before we find %4:C2.,=:C, (mod 2). Thus the number 
of odd coefficients in (x+~)* is just twice the number of odd coefficients in 
(x+~)*, again giving a contradiction. Thus the proposition is true. 


Part II 


1. Let M and N be homogeneous of degree k. Then, by Euler’s theorem, 
xM,+yM,=kM, where M, denotes the partial derivative of M with respect to 
x. Let y denote a solution of the equation in some interval. Then, in this interval, 
d(xM +yN) =(M+xM, +yN.)dx +(N+xM,+yN,)dy =(M+xM,+yM,)dx 


* 
‘a 
4 
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+(N+xN,+yN,)dy =(1+k)(Mdx+Ndy)=0 and so xM+yN is constant in 
this interval. 

2. (a) Take Y=X. Then X=YCKUVUYCXUY=X. (b) By (a), 
XCX and the relation displayed above shows that XCX. (c) If YCX, then 
YCXUVUYCXUY=X. Conversely, YCXUYCXUY by (a). But then 
YCXUY=XUY by (c) and (b). Also ¥ = XCXUY by (b) and (c). The last 
three relations prove the converse statement. 

3. Consider the faces with vertices ABC and ABD, which thus have edge AB 
in common. Let P and Q be the points of contact of the sphere with ABC and 
ABD respectively. Then sides AQ and AP are congruent, as are BQ and BP. 
(Tangents to a sphere from an external point.) Thus the triangles APB and 
AQB are congruent and Z APB=ZAQB. Let the points of contact of the sphere 
with faces ACD and BCD be R and S respectively. Then ZAPB=r—ZAPC 
—ZBPC=n7 —ZCRD—ZARD) —(x —ZCSD 
=2ZCRD—ZAPB. Thus the angles subtended by the opposite edges are equal 
and the theorem follows readily. 

4. Since B<a—C, we have cos B>cos(r—C) and cos B+cos C>0. Hence 
[sin A][cos B+cos C]>0. If BSx/2, then cos B is non-negative and, since 
A>sin A, A cos B+sin A cos C>0. If B>2/2, —cos B=+cos (A+C)=cos A 
cos C—sin A sin C<cos A cos C. Thus [tan A][cos B+cos A cos C]=tan A 
cos B+sin A cos C>0. Since A <tan A and cos B<0, A cos B>tan A cos B 
and so A cos B+sin A cos C>0. 

5. Consider 2m points numbered from 1 to 2n. If each odd numbered point 
is joined to every even numbered point by a segment a no triangles are 
formed and there are n? segments used. 

Suppose 2n points are joined by n*+1 segments, and no triangles are formed. 
Take two points x and y that are joined by a segment. Then no point is joined 
to both x and y. Thus there can be no more than 2"—2 segments joining x to 
points other than y or joining y to points other than x. Thus not more than 2n—1 
segments join to either of x or y. Thus there must be m?+1—(2n—1) lines join- 
ing the points other than x or y. Since no triangles are formed it follows that if 
2(m—1) points cannot be joined by (n—1)?+1 segments without forming tri- 
angles then neither can 2n points be joined by n?+1 segments without forming 
triangles. But the result is obviously true for »=1 and thus it holds for all posi- 
tive integers n. 

6. By induction, T,4:=1+]]3-17; which implies (a) and also that 7,22". 
Induction also establishes that and this implies (b). 

7. Let the degree of P be m and suppose the degree of Q does not exceed n. 
If P has k zeros 2;,7=1, 2, ---, k, all distinct, and if P+1 has h distinct zeros 
2;*,j=1,2,---,h, then P’, the derivative of both P and P+1, has n—k zeros 
from the z; and »—h zeros from the z}*, multiplicity counted. Thus n—12n—k 
+n—h or h+k2n+1. But every z; and every z/ is a zero of P—Q and this im- 
plies P —Q is identically zero. 


+ 


MATHEMATICAL NOTES 
EDITED By IvAN NIVEN, University of Oregon 


Material for this department should be sent to Ivan Niven, Department of Mathematics, 
University of Oregon, Eugene, Oregon. 


ANNIHILATORS IN POLYNOMIAL RINGS 
NEAL H. McCoy, Smith College 


It is known that if f is a divisor of zero in the polynomial ring R[x], where R 
is a commutative ring, there exists a non-zero element ¢ of R such that cf =0. 
Proofs of this theorem have been given by McCoy [3], Forsythe [2], Cohen [1], 
and Scott [4]. It is clear that the theorem as stated does not immediately gen- 
eralize to polynomials in more than one indeterminate. Moreover, it has been 
pointed out in Problem 4419 of this MONTHLY (1950, p. 692 and 1952, p. 336) 
that the theorem itself is not necessarily true for noncommutative rings. The 
purpose of this note is to obtain a suitable generalization of this result to the 
case of an arbitrary polynomial ring in any finite number of indeterminates. 

Let R be an arbitrary ring and R[x, - - - , x¢] the ring of polynomials in the 
indeterminates x:,---, xx, with coefficients in R. If A is a right ideal in 
R[x, - - - , xx], let us denote by A’ the set of right annihilators of A, that is, the 
ideal consisting of all elements h of the ring R[x, - - - , xx] such that Ah=0. We 
shall prove the following theorem. 


TuHeEorEM. [f R is an arbitrary ring and A is a right ideal in R[x:, -- - , xe] 
such that A’ #0, then 


The proof is by induction on k, so we begin by considering the case in which 
k=1. Throughout this part of the proof we shall write x in place of x. 

We assume that A’(\R=0, and shall obtain a contradiction. From this as- 
sumption it follows that if c is a non-zero element of R, then fc+#0 for some 
SEA. Let g be a non-zero element of A’ of minimum degree m, and let us set 


= box™ + dm (bo 0). 
Then m>0, since A’(\R=0. Let f be an element of A such that fb) 0, and let 

f = +--+ +4, (ao ¥ 0). 
Since fby #0, we have a;g0 for some j=0, 1, - - - , m. Choose p as the smallest 


integer such that a,g#0. Then fg=0 yields a,b) =0, and it follows that the de- 
gree of apg is less than m. Moreover, apg€A’ since A’ is an ideal in R[x]. We 
therefore have a contradiction, and the theorem is established for the case in 
which k =1. This part of the proof was suggested by the referee and is a simpli- 
fied version of our original proof. 

To complete the proof we must establish the theorem for k>1 indetermi- 
nates under the assumption that it holds for k—1 indeterminates. Any element 
f of R[x:, - - - , xx] may be considered as a polynomial in x; with coefficients 


28 
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that are polynomials in x, - - - , xx4. That is, we may write f in the form 


f = hom 


where the h; are elements of the ring R[x, - - - , xx-1]. For convenience, we may 
refer to the h, as the coefficients of f. Since A’ #0, the case already proved (with 
R replaced by R[x, - - - , xx-1]) shows that there exists a non-zero element g of 
R[x1, - + + , xx-1] such that Ag=0. However, since g does not contain x;, this 
implies that hg =0 for every coefficient h of an element of A. Hence if B is the 
right ideal in the ring R[x, - - - , xx-1] generated by all coefficients of elements 
of A, it follows that g€B’ and hence B’#0. By the induction hypothesis, we 
then have But clearly B'CA’, and so completing the 
proof. 


Coro.uary. Jf R is a commutative ring and f is a divisor of zero in the poly- 
nomial ring R[x, - - - , xx|, then there exists a non-zero element c of R such that 


of =0. 


This follows at once from the observation that if R is commutative and A 
is the principal ideal generated by f in R[x:, - - - , xx], then g€A’ if and only if 
fg=0. 
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ON A CHARACTERIZATION OF SOME ORTHOGONAL FUNCTIONS 
W. A. At-SaLam, Duke University 


1. Introduction. Nanjundiah proved [1] that if P,(x) is the Legendre poly- 
nomial of degree n then, (1—x?)D,(x) =n(n+1)A,(x) where 


= [Pid (x) ]? — and A,(x) = P,2(x) — 


L. Carlitz [2] proved that this relation actually characterized the Legendre 
polynomials. M. S. Webster [3] obtained a similar characterization for the ul- 
traspherical polynomials based on a relation derived in [4]. 

The purpose of this note is to point out a similar characterization for the 
Hermite and Bessel functions and derive a simpler one for the Tchebycheff 
polynomials. 

In the following we define, for the sequence of functions { falx) } 


2. Hermite polynomials. The Hermite polynomial of degree n is defined as 


30 MATHEMATICAL NOTES 

(2.1) H,(x) = (—1)"e""!? 
dx* 

These polynomials satisfy the recurrence formula 

(2.2) Basi(x) — xH, + nH, = 0, 

from which we obtain 

(2.3) H,(x) — + (nm — = 0. 

From (2.2) and (2.3) we obtain 

(2.4) A.(H) = nA,i(H) + 

From (2.1) we get 

(2.5) D,(H) = + 

From (2.4) and (2.5) we get 

(2.6) D,(H) = + n(n — 1)4,4(H). 


TueoreM. Let { falx) } be a sequence of polynomials such that deg f,=n, 
fo(x) =1, fi(x) =x, and 
(2.7) D,(f) = An(f) + n(m — 

Then f,,(x) =H, (x). 

Proof: Let fx(x) = Hi(x) for OSk Sm and let farsi = Anyi(x) where g(x) 
is a polynomial of degree m Sn+1. Using (2.7) and (2.6) we obtain the relation 
Hy_-12’ (x) = H,-1g(x) which is impossible unless g(x) =0, since the left hand side 
is of degree n++-m—3 and the right hand side is of degree n+m—1. 

In a similar fashion one can show that solutions of Weber’s equation 

dx? 


1 
+ + 
satisfy 
1 
7 D,(W) = 4,(W) + n(n — 1)A,4(W). 
(See [5] p. 360 for definition and recurrence formulas used in obtaining the 


above relation.) 
3. Tchebycheff polynomials. Defining the Tchebycheff polynomials [6] as 


(3.1) T,(x) = cos (nm x) 


one can show easily that 
(3.2) = 2-2@-)(1 — 
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Tueorem. Let {f,(x)} be a sequence of functions such that fo(x) =1, fi(x) =x 

and such that 

(3.3) A,(f) = 2-2@-D(1 — 2%). 


Then f,.(x) =T,(x). 
For the case of the Tchebycheff polynomials of the second kind 


(3.4) Qn(x) = sin [(m + 1) x]/(1 — x*)"? 
we get 
(3.5) 4,(Q) = 1. 


THEOREM. Let { fn(x) } be a sequence of functions such that fo(x) =1, fi(x) =2x 
and A,(f) =1. Then f,(x) =Q,(x). 


The proofs of the above two theorems are similar to that of section 2 except 
that the assumption that f, be a polynomial is no longer necessary. 

4. Bessel functions. Let J,(x) and J,(x) be respectively the Bessel functions 
of the first kind and the modified Bessel Functions of the first kind with usual 
notations (see [5] Chap. 17). Let us define 


(4.1) on = x*J,(x). 
Hence 
(4.2) on (x) = 2*Jna(x) = 
Now it is easily seen that 
(4.3) = 
TueEorem. Let {f,(x)} be a sequence of differentiable functions such that 
(4.4) = fal0) = 0 (n> 1). 
Then 


(a) fa(x) = if fo(x) = Jo(x), filx) = — Jo(x), = 
(b) fa(x) = n(x) if fo(x) = Io(x), f(x) = xlo(x), fa(x) = 


Proof: We shall prove part (a) only. Part (b) follows in the same fashion. 
Assume 


Si(x) = (OSksSn), 
= + g(x). 


Substituting in (4.4) and using (4.3) we get g’(x)=0, and hence g(x) =con- 
stant =Ca41, 
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But 
fn+i(0) = 0, = 0. 
Szasz [7] defined A® =(2/x)" I'(n+1)J,(x) and obtained 


4n(n — 1) 
D,(A) An-a(A). 


This relation can be used for a similar characterization. 
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NOTE ON A ONE DIMENSIONAL NON-CONSERVATIVE SYSTEM 
C. R. Putnam, Purdue University 


1. The system of two linear differential equations 
(1) = —fOx (’ = d/dt), 


in which f(t) denotes a continuous function on — © <t< @, can be regarded as 
the linear canonical equations belonging to a one dimensional dynamical system 
with Hamiltonian $f(t)(x?+y?). Only real-valued non-trivial (40) solutions of 
(1) will be considered. 

Suppose that f(¢) is periodic with a period p, so that 


(2) =fitp), -2<t<e. 


Then, since any solution (x, y) of (1) satisfies x*+-y?=const. (whether or not (2) 
holds) and hence is bounded on — «© <t<~o, it follows from the standard 
Floquet theory for systems of equations that every solution (x, y) is almost pe- 
riodic. 

THEOREM. [f f(t) possesses a single (proper, relative) maximum and a single 
(proper, relative) minimum over a period p and if (x, y) is any periodic solution of 
(1) having p as a period, then either (i) at least one of the components x or y has a 
non-zero constant term in its Fourier expansion or (it) the curve defined by 


(3) ui) = f 
0 


ts a closed curve (of class C*) consisting of exactly two simple loops. 
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In (ii), a closed curve with two simple loops is defined as in [3, p. 573], to 
be a curve consisting of two simple closed curves, neither of which crosses the 
other. 

Remarks. In the theorem above, it is clear that the maximum and minimum 
of f(t) are actually absolute extrema. Moreover, if (x, y) is a solution of (1) so 
also is (—y, x) and the two solutions are linearly independent. Thus, it is clear 
that if either (i) or (ii) holds for some solution of (1), the corresponding asser- 
tion holds for every solution. That the assertion of the theorem can become 
false if f(t) does not satisfy the condition that it possess a single maximum and 
minimum is readily seen by a consideration of the (linear oscillator) example in 
which f=1. In this case (sin t, cos ¢) is a periodic solution of (1) and neither (i) 
nor (ii) holds; in fact, the curve defined by (3) is a circle. 

The proof of the theorem, given below, will be seen to be an easy conse- 
quence of known facts on the differential geometry of curves. 

2. Proof. Suppose that (i) fails to hold; hence {? x(s)ds =f? y(s)ds =0. Then 
the functions u, v of (3) have a period p, are twice differentiable, and the corre- 
sponding curve in the u, v plane is closed. It remains to be shown that this curve 
has exactly two loops. 

The system (1) can be expressed in the vector form 


(4) x’ = f()Y, y’= — 


where X =(x, y) and Y=(—y, x). Since (1) is linear and homogeneous, the 
orthogonal vectors X and Y can be normalized to unit length and thus can be 
made to correspond to the unit tangent and principal normal to a plane curve 
with curvature f(t) (not necessarily positive) given by the (Frenet) equations 
(4). 

According to a generalization (cf. [1], [2]) of the standard four vertex 
theorem [4] of differential geometry (in which the usual convexity assump- 
tion, corresponding to the positivity of the curvature f, is dropped), it follows 
from the present assumption on f(#) (namely, that it possesses exactly two ex- 
trema) that the locus (3) cannot be a simple closed curve. In fact, as was shown 
by Jackson [3], this locus consists of exactly two loops, and the proof of the 
theorem is now complete. 
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A PROOF OF THE COMPOSITE FUNCTION THEOREM FOR MATRIC 
FUNCTIONS 


D. W. Rosrnson, Case Institute of Technology 


The composite function theorem for matric functions was stated and dem- 
onstrated by R. F. Rinehart [1] in vol. 62, 1955, this MONTHLY. The proof con- 
tained in that paper seems to be rather lengthy and tedious. The present note 
provides a simpler proof, which depends upon the combinatorial properties en- 
joyed by matric functions. 

First, let A be a square matrix over the field of complex numbers. Let 
1, +, Ax be the distinct eigenvalues of A of respective multiplicities s;, --- , 
Sz, Called indices, in the minimum polynomial of A. Let f be a complex-valued 
function of a complex variable that is defined at each \;, 7=1, - - - , k, and ana- 
lytic at those \; whose s;>1. Then, using the definition of H. Schwerdtfeger 
[2], let the matrix 


(A) = As (4 


correspond to A under f, where A; is the Frobenius covariant (projection) of A 
associated with \;, i=1, - - - , k. (See [1] for equivalent definitions). 

It is readily demonstrated that this defined composition satisfies the follow- 
ing combinatorial requirements, which were first stated by L. Fantappié. If 
the composition of A with f and g is defined, then it is also defined for f+g and 
f-g, and 


(1) (f + g)(A) = f(A) + g(A), 

(2) (f-g)(A) = f(A) -8(A). 
Further, 

(3) If f(z) =k, then f(A) = 
(4) If f(z) =z, then f(A) =A 


A further property enjoyed by matric functions, with which this note is 
concerned, is the composite function theorem for single-valued functions. 


THEOREM. Let A have distinct eigenvalues 4, - - - , Ax with associated indices 
Si,°**, Se. Let g and f be single-valued functions, respectively defined at \; and 
t=1,---+, Rk, and analytic at the and g(d,) for which s;>1. Let 
h(z) =f(g(z)). Then f(g(A)) and h(A) are both defined and are equal. 


Proof. By the requirements of composition, it is immediate that both g(A) 
and h(A) are defined. It is also observed, by the properties of similarity trans- 
formations, that for P non-singular, g(PAP-) is defined and given by P g(A)P-. 
Using the Jordan canonical form of A, it then follows from direct evaluation of 
g(PAP-) that the eigenvalues (not necessarily distinct) of g(A) are 
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g(A1), where the index of g(A,) is at most the maximum of the s, 
such that g(A;) =g(A;). Hence, f(g(A)) is defined. 

Let F be a polynomial, such that F(™(g(A,)) =f™(g(Q,)), m=0, - - +, 
i=1,---,k. Then, by the definition of composition, F(g(A)) =f(g(A)). Also, 
define H(z) = F(g(z)). Then H™(A,) =h™(A,), m=0, +--+, 
Hence, H(A) =h(A). But by the preceding combinatorial properties, since F 
is a polynomial, H(A) = F(g(A)). The final conclusion is a consequence of the 
last three results. 
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CLASSROOM NOTES 
Epitep By C. O. Oakey, Haverford College 


All material for this department should be sent to C. O. Oakley, Department of Mathe- 
matics, Haverford College, Haverford, Pa. 


NOTE ON LINEAR DIFFERENTIAL EQUATIONS 


R. STEINBERG, University of California, Los Angeles, and the Institute for 
Advanced Study 


Let D designate differentiation with respect to x, and let f and g be poly- 
nomials with constant (complex) coefficients. Consider the equation 


(1) f(D)z = u, 
where u is a given function of x, which satisfies the equation 
(2) g(D)u = 0. 


Suppose that we wish to find a particular solution of (1) by the method of un- 
determined coefficients. The author has perused many textbooks on differential 
equations and has not been able to find a precise statement as to what should 
be tried. The object of this note is to supply such a statement. 
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THEOREM. Let h and k be polynomials such that f =hk and k is relatively prime 
to g. Then there exists a solution of (1) which is also a solution of 


(3) g(D)h(D)z = 0. 


Such a solution can be obtained by applying a polynomial differential operator 
to any solution v of the equation 


(4) h(D)o = u. 


Proof. Since k and g are relatively prime, there exist polynomials p and g 
such that 


(S) pk + gg = 1. 


Now, let v be any solution of (4) and set z=p(D)v. To complete the proof, we 
need only show that z is a solution of both (1) and (3). First, multiply (5) by ’ 
and apply the corresponding differential operators to the function v. This gives 


p(D)k(D)h(D)v + q(D)g(D)h(D)v = h(D)». 
f(D) p(D)o + q(D)g(D)A(D)o = h(D)». 
f(D)z = u, by (2) and (4). 
Thus z is a solution of (1). Finally, we have 
g(D)h(D)z = g(D)h(D) p(D)» 
= p(D)g(D)u, by (4) 
= 0, by (2); 
so that (3) is also fulfilled. 


Coro.iary. If f and g are relatively prime, then a solution of (1) can be ob- 
tained by applying a polynomial differential operator to u. 


Proof. In this case, we can take h=1. Then v=u and z=p(D)v=p(D)u. 
Example. Consider the equation 


(D? — 1)z = x sin x. 
It is easily seen that 
(D? + 1)?(x sin x) = 0, 


and that (D?+1)? is relatively prime to D?—1. Hence the corollary applies. 
Now, Euclid’s algorithm gives the identity 


— + 3)(D* — 1) + + 1)? = 1. 


Thus p(D) = —}(D*?+3), and a solution is z=p(D)u= —}(D?+3)(x sin x)= 
—}x sin x—} cos x. 
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THE ROTATION OF AXES 
ARTHUR PorGEs, Los Angeles City College 


In deriving the equations for the rotation of axes in plane analytic geometry, 
some textbook writers become needlessly involved in complicated relations 
based on similar triangles. A better method, easier and more useful in recalling 
a topic of mathematical importance to the minds of the students, makes use of 
De Moivre’s Theorem. This variant has the additional advantage of giving the 
inverse transformations with a minimum of extra computation. 

Given a point P with coordinates (x, y) referred to the X- and Y-axes, and 
coordinates (x’, y’) referred to new axes, X’ and Y’, where the X’-axis makes a 
positive angle 9@<90° with the X-axis, we may write P in the forms x+iy and 
x’'+1y’, where the two complex numbers differ only in amplitude according to 

the axes of reference implied. 


¥ 
Y’ P( x,y) or 


K 


From the diagram it is evident that the following relations are valid: 


(1) Z=x+ iy =r\[cos (2 + 6) + isin (a+ 6)]. 
(2) Z = x' + iy’ = 7 (cosa+ isin a). 

From De Moivre’s Theorem we may write (1) in the form 
(3) Z = r(cos a + isin a)(cos 6+ isin 8). 


Replacing the first binomial factor of the right member of (3) by its value 
from (2), we have 


(4) Z = (x’ + iy’)(cos + sin 
Equating the real and imaginary parts in (4), we find 


(5) x= x’ cos@— y' sind, y = x’ + y’ cos 8, 


the standard rotation formulas. 

If now we multiply both sides of (4) by cos @—i sin 8, and again equate the 
real and imaginary parts, we derive, without explicitly solving the system (5), 
the inverse equations x’ =x cos 6+ sin 0, y’ = —x sin 8+ cos 6. 


1957] 


38 CLASSROOM NOTES [January 


THE COSINE-HAVERSINE FORMULA 
C. C. Rosusto, St. John’s University 


The accurate determination of the position of a ship or plane by computing 
the altitude and azimuth of a celestial body from known values of the body’s 
meridian angle, its declination, and the assumed latitude of the observer repre- 
sents one of the most important problems of celestial navigation. The position 
(latitude and longitude) of a ship or plane is first computed by dead reckoning. 
These values will give the position approximately and may be somewhat in 
error. The declination and hour angle of the celestial body are obtained from 
the nautical almanac or air almanac. The meridian angle, declination, and as- 
sumed latitude of the observer being known, the altitude and azimuth of the 
celestial body may be computed. 

The azimuth of a celestial body is the arc of the horizon intercepted between 
the north point of the horizon and the vertical circle passing through the body. 
It is measured from the north point clock-wise to 360 degrees. Azimuth is sim- 
ply another name for true bearing. The determination of the azimuth of a ce- 
lestial body is an operation of frequent necessity. Since the computation is too 
laborious for a navigator to perform every time he requires an azimuth, suitable 
tables, called azimuth tables, have been computed and are published by the 
Hydrographic Office. In these tables the values of the azimuth are tabulated for 
the various probable combinations of the observer’s latitude and the celestial 
body’s declination, in whole degrees, for every 10 minutes of the celestial body’s 
meridian angle. 

The computed value of the altitude of a celestial body is compared with the 
value as observed with a sextant. The difference between the computed and 
observed altitude together with the azimuth of the body and assumed position 
of the observer is used to determine a line on which the ship or plane actually 
lies. The intersection of two of these lines of position (called Sumner lines), 
gives an accurate determination of the latitude and longitude. 

In navigation a widely used formula of trigonometry applied to celestial 
navigation to compute the altitude of a celestial body for the accurate deter- 
mination of the position of a ship or plane is called the cosine-haversine for- 
mula. This formula is seldom derived. The derivation involves the rearrange- 
ment of the cosine formula for use with haversines into the form 


hav z = hav (L ~ d) + cos L cos d havi. 


To develop this formula it is necessary to recall the following four funda- 
mental relationships of plane trigonometry: 


(1) the law of cosines for a plane triangle (a? = b?+c¢*—2bc cos A) 
(2) sec? A—tan? A=1 

(3) cos (A—B)=cos A cos B+sin A sin B 

(4) cos A=1—2 hav A. 
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In Figure 1, ABC is any spherical triangle with center of curvature at O. The 
plane of the triangle AB’C’ is tangent to the sphere at A. Inright triangle AOB’, 
sec c=OB’, tan c=AB?’. In right triangle AOC’, sec b=OC’, tan b=AC’. 


Fic. 1 
In triangle OB’C’ and from (1) 
(5) x? = sec? b + sec? c — 2 sec b sec ¢ cos a. 
In triangle AB’C’ and from (1) 
(6) x? = tan? b + tan*c — 2 tan db tanec cos A. 


Subtract (6) from (5), and obtain 
0 = sec? b — tan? b + sec? c — tan? c — 2 sec b secccosa + 2 tand tanccos A. 


From (2), 0=2—2 sec b sec c cos a+2 tan b tan c cos A. 
Multiplying by 4 cos bcos c, 


0 = cos b cos c — cos a + sin b sinc cos A, 
(7) cos a = cos b cos ¢ + sin b sin ¢ cos A. 


Since tables of natural haversines and their logarithms are available, the 
cosine formula may be rearranged in more suitable form for solution by loga- 
rithms. Thus, from (4) and (7), 


1 — 2 hav @ = cos b cosc + sin b sinc (1 — 2 hav A) 


= cos b cosc + sin b sinc — 2 sin db sinc hav A. 


B 
x 
4 
4 
4 

et 

b 
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From (3), 
(8) 1 — 2 hav a = cos (b — c) — 2 sind sinc hav A. 
From (4), cos (b—c) =1—2 hav (b—c), and (8) then becomes 
1 — 2 hava = 1 — 2 hav (6 —c) — 2sindsinc hav A 
(9) hav a = hav (6 — c) + sin b sinc hav A. 


It should be noted that (9) is the same as (7) but expressed in different terms. 
In the astronomical triangle (spherical triangle), the angles and sides are as 
indicated in Figure 2. Substituting the values of Figure 2 in (9), 


hav z = hav [(90° — L) — (90° + d)] + sin (90° — L) sin (90° + d) hav, 
hav z = hav (L~ d) + cos L cos d havi. 
The formula is universally applicable to all combinations of the values of L, 


d, and t. There is no ambiguity in the results and it is unnecessary to consider 
the signs of the functions of angles in various quadrants. 


A 


z 


Fic. 2 


The method of computing the altitude of a celestial body by use of the co- 
sine-haversine formula became practical and popular when Percy L. H. Davis 
published his “Requisite Tables” in which there appeared a combined table of 
natural and logarithmic haversines. The ease of manipulation of this combined 
table is the reason for the wide use of the cosine-haversine method in celestial 
navigation. 


a 
~ 
~w 
or 
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RAPID SKETCHING OF A CONIC 
ARTHUR PorceEs, Los Angeles City College 


Rotation of the axes in discussing the equation 
(1) AX*+ BXY + C¥?+ DX + EY +F=0, (B # 0), 


is of considerable interest as mathematical theory, but as a practical aid in mak- 
ing a rapid sketch of a conic leaves much to be desired. 

The following method, based on oblique coordinates, seems to have many 
advantages, since for conics with rational coefficients it involves no irrational 
transformations at any stage. 

The discussion will be restricted to the case in which either A or C is differ- 
ent from zero, since if both vanish, a rotation through 45 degrees obviously sim- 
plifies the equation, which represents, if not degenerate, a hyperbola easily 
graphed. 

By completing the square and writing (1) in the form 


A A A? 
we may make the substitutions 
BY 
(3) U=X V=YF. 


With reference to an oblique coordinate system having a V-axis AX+BY=0 
and U-axis V= Y=0, (1) becomes 


A A? A A A? A , 


a simple conic quickly sketched by at most one translation. 
As an example, consider the equation, 


(5) 2X? + SXY — 4Y? + 8X — 3¥ + 20 =0. 


We have, after completing the square, 
(6) (x + 4 ax 
4 16 2 


Letting U=X+4Y and V= Y, (6) becomes 


57 13 


« ‘ 
\ 
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Another completion of the square gives 


57 52\? 511 


Since the X-axis always remains fixed, although called the U-axis for sym- 
metry of notation, we need only draw in the line 4X +5 Y=0 as our V-axis. Re- 
ferred to these oblique axes, the conic is obviously a hyperbola with its center 
at U=—2 and V=—$¥. We may use the asymptotes in the usual fashion to 
“box in” the curve, but even with this refinement a good graph may be com- 
pleted in less time than most students take to determine the equations of 
rotation. 


ELEMENTARY PROBLEMS AND SOLUTIONS 
EpiTtep By Howarp Eves, University of Maine 


Send all communications concerning Elementary Problems and Solutions to Howard 
Eves, Mathematics Department, University of Maine, Orono, Maine. This department wel- 
comes problems believed to be new, and demanding no tools beyond those ordinarily furnished 
in the first two years of college mathematics. To facilitate their consideration, solutions should 
be submitted on separate, signed sheets, within three months after publication of problems. 


PROBLEMS FOR SOLUTION 
E 1246. Proposed by Victor Thébault, Tennie, Sarthe, France 


Determine the relation between the radius of the base and the altitude of a 
right circular cone in which a trihedral angle can be inscribed whose face angles 
are all equal to a given angle 2a. 

Show that if two trihedral angles whose face angles are all equal to 2a and 
2a’, respectively, are inscribed in two right circular cones having a common 
base, then a necessary and sufficient condition for the radius of the common base 
to be a mean proportional between the altitudes of the cones is that 


sin? a + sin? a’ = 3/4, 


E 1247. Proposed by C. W. Topp, Fenn College 


Prove that 


E 1248. Proposed by Leo Moser, University of Alberta 


(a) The ten numbers s;Ss2S -- + Ss, are the sums of the five unknown 
numbers x;3%2S - - - Sx taken two at a time. Determine the x’s in terms of 
the s’s. 


(— 
= 
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(b) Show that if s1<s,< - + - <sg are six distinct numbers formed by taking 
the sums of four numbers two at a time, then there exist four other numbers 
which give the same sums when added in pairs. 


E 1249. Proposed by C. M. Sandwick, Sr., Easton High School, Easton, Pa. 
Find an integer less than 1000, the cube of which may be represented as the 


sum of the cubes of three positive integers in five distinct ways. 
E 1250. Proposed by N. A. Court, University of Oklahoma 


Through a point G two secants GAD, GBC are drawn meeting a given circle 
(H) in the points A, D; B, C. Show that the points E=(AB, CD), F=(AC, BD) 
are the centers of similitude of the two circles orthogonal to (H) and having for 
centers the harmonic conjugates of G for the pairs of points A, D; B, C, re- 
spectively. 

SOLUTIONS 
A Theorem of Van Aubel 
E 1216 [1956, 342]. Proposed by N. A. Court, University of Oklahoma 


The area of the triangle formed by the midpoints of three (not necessarily 
concurrent) cevians drawn through the three vertices of a given triangle is equal 
to one fourth of the area of the triangle determined by the feet of those cevians. 


I. Solution by Chih-yi Wang, University of Minnesota. Let the coordinates of 
the vertices and the feet of the cevians be 


A(—2a, 0), B(26, 0), C(0, 2c), 
X(2bd, 2c(1 — d)), YV(—2ae,2c(1—e)),  Z(2f, 0). 
Then the midpoints D, E, F of AX, BY, CZ are, respectively, 
(bd c(1 d)), (b — c(1 e)), (f, ¢). 
Using the determinant expression for the area of a triangle we easily obtain 
(XYZ) = 2| c(bd + ef + ae — df — bde — ade)| = 4(DEF), 

where (X YZ) and (DEF) represent the areas of triangles X YZ and DEF re- 
spectively. 

II. Solution by D. C. B. Marsh, Colorado School of Mines. Let the triangle 
have vertices A, B, C; denote the feet of the cevians by X, Y, Z (X on BC, Yon 
CA, Z on AB) and their respective midpoints by D, E, F. We assume a coordi- 
nate system with A =(a, a’), B=(b, 6’), etc. The absolute value of 

(a+x)/2 (a’+2x')/2 1 
(1/2)| (6+ y)/2 +y’)/2 1 
(c+ 2)/2 +2’)/2 1 
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gives the area (DEF). But this determinant may be decomposed into 


aa’ x a’ 1 zn’ 1 
(1/8)4; 5 y’ Al+iy 14}, 
cs’ zc’ il zz’ 1 


where the sum of the first three determinants is equivalent to the sum 


ag x x’ 1 
bb’ y’ 1 


But A, B, Z; A, Y, C; X, B, C are each collinear triples, whence the latter sum 
is zero and all that remains is 


x x’ 1 
(1/8)|y 1], 
z 3’ 1 


the absolute value of which is (X YZ)/4. 


III. Solution by Azriel Rosenfeld, Columbia University. We employ triangu- 
lar coordinates, taking the given triangle ABC as base triangle (with area nor- 
malized as 1). Then the feet X, Y, Z of the cevians have the form 


(0, 2,1 — a), (6, 0, 1 — 5), (c, 1 — ¢, 0), 
and the midpoints D, E, F of the cevians are 
(1/2, a/2, (1 — a)/2), (6/2, 1/2, (1 — 5)/2), (c/2, (1 — ¢)/2, 1/2). 
Then 


0 a 1-a 1/2 a/2 (1 — a)/2 
(XYZ)/(DEF) =| b 0 1-— 5b / b/2 1/2 (1 — b)/2| = 4. 
c 0 c/2 (1—0)/2 1/2 


IV. Solution by O. J. Ramler, The Catholic University of America. Let the 
given triangle ABC have cevians AX, BY, CZ meeting the sides of the medial 
triangle of ABC in the cevian midpoints D, E, F. Since the medial triangle is 
homothetic to the given triangle in the ratio 1:2 with respect to their common 
centroid, it follows that the points X’, Y’, Z’ on sides BC, CA, AB of the given 
triangle, corresponding to the points D, E, F on the sides of the medial triangle, 
are isotomically situated on those sides to the points X, Y, Z. Since the areas 
(X YZ) and (X’ Y’Z’) are equal (see e.g., Nathan Altshiller-Court, College Geome- 
try, 2nd ed., art. 324, p. 157), and because of the homothecy of DEF and X'Y’Z’, 
area (DEF) is one fourth area (X’ Y’Z’), or one fourth area (X YZ). 

Also solved by Leon Bankoff, A. P. Boblétt, A. E. Danese, Michael Goldberg, 
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Edgar Karst, Sam Kravitz, M. A. Laframboise, Josef Langr, Beckham Martin, 
Paul Payette, Nathaniel Queen, J. T. Robertson and Dale Woods (jointly), 
G. B. Robison, Victor Thébault, Alan Wayne, David Zeitlin, and the proposer. 

Goldberg employed an attack based on the fact that, since the theorem is an 
affine one, it suffices to consider the case where the given triangle is equilateral. 

Thébault remarked that the theorem is due to Van Aubel (Mathesis, 1881, 
p. 202), that the same problem also appears in Journal de Vuibert, vol. 43, p. 
100, and that the problem has been generalized by H. L. Meunessier in the form: 

If on the sides BC, CA, AB of a triangle ABC points X, Y, Z are chosen such 
that CX/CB=m, AY/AC=n, BZ/BA=p}, then the algebraic area (DEF) of the 
triangle formed by the points D, E, F of the lines AX, BY, CZ defined by the relation 
AD/AX =BE/BY=CF/CZ =k has for value 


[(mn + up + pm) — (m+n+ p) +3) 
(mn + np + pm) —(m+n+p)+1 

E 1216 is the case where \=}. If X=} and X, Y, Z are collinear, we obtain 
the classical theorem: The midpoints of the three diagonals of a complete quadri- 
later al are collinear. When D, E, F are taken on CA, AB, BC such that AD/AC 
=BE/BA=CF/CB =i, we find 

(DEF) = (3d? — 3d + 1)(ABC). 
In terms of the above notation, Martin showed that 
(DEF) = \*(XYZ) + (2d? — 34 + 1)(ABC). 
A Property of Euler’s Function 
E 1217 [1956, 342]. Proposed by Hiiseyin Demir, Zonguldak, Turkey 
Evaluate 


(DEF) = (XYZ) 


Solution by J. B. Johnston, Cornell University. Let f be any function defined 
on the integers. Then 


din din 


= Il (n/dy@ 


d\n 


=|[w®= 
din 
Since 


(1) = 2, 


the answer to the given problem is n". 
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Also solved by W. J. Buckingham, Leonard Carlitz, A. E. Danese, M. P. 
Drazin, L. T. Gardner, A. J. Goldman, D. S. Greenstein, Cornelius Groenewoud, 
Emil Grosswald, Virginia Hanly, A. R. Hyde, Richard Kelisky, Sidney Kravitz, 
R. G. McDermot, D. C. B. Marsh, Leo Moser, J. B. Muskat, F. R. Olson, Hiram 
Paly, M. Perisastri, Azriel Rosenfeld, A. V. Sylwester, Chih-yi Wang, David 
Zeitlin, and the proposer. Late solution by M. S. Klamkin. 


Editorial Note. For a proof of (1) see, e.g., Uspensky and Heaslet, Elementary 
Number Theory, p. 113. As another application of the general result established 
above we have 


Il — 
d\n 


where a(n) is the sum of the divisors of n. 


A Proposition Equivalent to Dirichlet’s Theorem 
E 1218 [1956, 342]. Proposed by Robert Spira, Berkeley, Calif. 


Consider the two propositions: 
I. If (a, 6) =1, then ax+ 5 assumes infinitely many prime values. 
II. If (a, 5) =1, then ax+5 assumes at least one prime value. 


1 is Dirichlet’s theorem. Clearly I implies II. Show that II implies I. 


Solution by David Zeitlin, University of Minnesota. By II there exists x; such 
that ax,+6 is prime. Then (a, ax,+5) =1 and so, again by II, there exists x2, such 
that ax2+(ax1+b) =a(x,+ x1) +5 is prime. Continuing this process we see that 
ax-+6 is prime for infinitely many values of x, and I follows. 

Also solved by S. B. Adam and Givat Brenner (jointly), W. J. Cody, D. S. 
Greenstein, Virginia Hanly, P. J. McCarthy, D. C. B. Marsh, Leo Moser, Hiram 
Paley, Azriel Rosenfeld, R. E. Williamson, Jr., and the proposer. 


Limit of a Sequence 
E 1219 [1956, 342]. Proposed by D. A. Robinson, University of Wisconsin 


The sequence {sa}, where s5=+/2 and Sayi=V2++/S, has a finite limit. 
Find this limit in closed form. 


Solution by David Freedman, Montreal, Quebec. Since s;<2 and since s,<2 
implies that sey1<V/2++/2 <2, it follows that {s,} is bounded above. Also, 
since ss>s; and we see that implies 
and it follows that {s,} is monotone increasing. Hence {s,}—>s <2. But then 
or Since s=1 is ex- 
traneous for the problem, we seek the real root of the cubic factor and obtain, 
by Cardan’s formula, 


s = [{(79 + 3/249)/2} + {(79 — 34/249)/2}¥* — 1]/3 = 183117714. 
Also solved by A. P. Boblétt, Julian Braun, A. E. Danese, L. T. Gardner, 
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D. S. Greenstein, Cornelius Groenewoud, Emil Grosswald, A. R. Hyde, J. B. 
Johnston, P. G. Kirmser, Sidney Kravitz, D. C. B. Marsh, Erich Michalup, 
K. W. Miller, J. B. Muskat, C. S. Oglivy, O. W. Rechard, Azriel Rosenfeld, 
C. M. Sandwick, Sr., Robert Sibson, and the proposer. 

Muskat called attention to Rudin, Principles of Mathematical Analysis, 
prob. 3, p. 62, and Rechard called attention to a more general result found on 
p. 868 in C. J. Everett, “Representations for real numbers,” Bull. Amer. Math. 
Soc., vol. 52, 1946, pp. 861-869. 


A Bound for the Absolute Error in Partially Summing a Series 
E 1220 [1956, 342]. Proposed by Judith Blankfield, University of Illinois 
It is well known that if 7;>7r2>r3> - - - -0, then 


S 


> (—1)'"% 


Prove the following generalization which reduces to the above case when 6 =z. 


y 


t=n+1 


I. Solution by Michael Goldberg, Washington, D. C. Using the Argand dia- 
gram, the partial sums of 


Sr /sin (6/2), 0<@< 


D 

t=n+1 
are represented by the vertices of a polygon which lie on a circle through the 
origin and whose diameter is 7,/sin (0/2). However, if 0, 
the vertices of the broken line spiral which represent the partial sums of the 
given sum all lie within the circle. Hence the theorem. 


II. Solution by David Zeitlin, University of Minnesota. If 0<@<2zm and g21, 


then 
n+q 


| 


to=n+ 


= | — /(1 — 8) | 


< 2/|1 — e#| = 1/sin (6/2). 
Therefore, by Abel’s inequality, 
n+q@ 


> rei 


t=n+l 


S fn4:/sin (6/2) < r,/sin (6/2). 


Letting g—> © we obtain the desired result. 


III. Solution by Chih-yi Wang, University of Minnesota, If 0<@0<2m and 
q20, then 


| 
‘ 
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nt 
rei#| = — e# —1| 
t=n+1 
nt+¢q-1 
nt+q-l 
(ro — rin) + rote) /2 sin (/2) 
j=n 
= r,/sin (6/2). 


Letting g— © we obtain the desired result. 
IV. Solution by M. Perisastri, Vizianagram, India. Let 
ton+1 ton+1 
Then it is known that, for 0<@<2z, 
C = cos (m+ + 1)6/2 sin (m — n)0/2 csc (6/2), 
S = sin (m + n+ 1)0/2 sin (m — n)0/2 csc (6/2), 
whence (C?+.S?)"/?<csc (0/2). Therefore 


m 
rei? 


t=—n+1 


t=n+ 


< ra(C? + S?)¥2 S 7,/sin (6/2). 


Letting m— © we obtain the desired result. 
Also solved by A. P. Boblétt, A. E. Danese, L. T. Gardner, D. S. Greenstein, 
P. G. Kirmser, M.S. Klamkin, Paul Payette, Michael Skalskyj, and the proposer. 


Editorial Note. Abel’s inequality, referred to in solution II, says that if {un} 
is any sequence of complex quantities, and if {v,} is a positive monotone de- 
creasing sequence, then 


rcos@+i 
1 t=n+1 


Pp 
DX < Bos, 


n=l 


where B is an upper bound of ||, --- See, 
e.g., Smail, Elements of the Theory of Infinite Processes, 1st ed., 1923, p. 31, or 
Franklin, Treatise on Advanced Calculus, 1940, pp. 314, 315. 


| | 


ADVANCED PROBLEMS AND SOLUTIONS 
EpiTEp By E. P. STARKE, Rutgers University 


Send all communications concerning Advanced Problems and Solutions to E. P. Starke, 
Rutgers University, New Brunswick, New Jersey. All manuscripts should be typewritten 
with double spacing and margins at least one inch wide. Problems containing results believed to 
be new or extensions of old results are especially sought. Proposers of problems should also en- 
close any solutions or information that will assist the editor. In general, problems in well known 
textbooks or results in readily accessible sources should not be proposed for this department. 


PROBLEMS FOR SOLUTION 
4718. Proposed by V. F. Ivanoff, San Carlos, California 


The six points of intersection of a conic and a cubic determine a Pascal hexa- 
gon. Show that the residual six points of intersection of the sides of the hexagon 
with the cubic form two collinear sets, and the lines determined by these sets 
meet on the Pascal line. 


4719. Proposed by L. Carlitz, Duke University 
Let p be a prime >2. Show that the determinant of order p—1 


p 

where (r/p) is the Legendre symbol, satisfies 
A, = pir-9!2, 


4270. Proposed by S. W. Golomb, University of Oslo, Norway 
Show that in the power series expansion 
1 
= n < 1, 
1 — 2x — 2x? + x’ ane 


the coefficients are given by fz, where fo=1, fi:=1, f2=2, is the 
Fibonacci sequence. 


4721. Proposed by D. J. Newman, AVCO Research and Advanced Develop- 
ment Division, Lawrence, Mass. 


A, = 


(r,s =0,1,---,p— 2), 


Let u(x, y) be continuous and summable (f/f|u|dxdy< ©) over the entire 
plane. Suppose the line integral, [zu(x, y)ds vanishes for all straight lines L 
infinite in both directions. Prove that u(x, y) is identically zero. 


4722. Proposed by R. C. Warner, Toronto, Canada 
Establish the following inequality 


ful 
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SOLUTIONS 
A Trigonometric Sum 


4602 [1954, 477]. Proposed by C. M. Ablow and D. L. Johnson, Seattle, 
Washington 


Show that 
f(t) = >> A; cos (Bt + Ci) 


changes sign as ¢ varies from zero to positive infinity. The A;, B;, C; are real 
constants; A,B;~0. 


II. Solution by G. Lorentz, Wayne University. The fact that if f(t) is not 
identically zero it changes sign, is an immediate consequence of elementary 
theorems about continuous almost periodic (c.a.p.) functions. Each of the func- 
tions cos (B#+C;,), and therefore f(t), is c.a.p. with vanishing mean value M. 
Our statement then follows from the fact that a non-negative c.a.p. function f 
is identically zero whenever M(f) =0. 


Editorial Note. See Bohr, Almost Periodic Functions, theorem p. 63. A. 
Oppenheim points out that there is a gap in the argument of an earlier proof 
[1955, 736] where the interchange of summation and integration is not justified 
under the circumstance that the limits of the integration depend on 7. 


A Diagonal Property 
4658 [1955, 659]. Proposed by P. R. Halmos, University of Chicago 


If X is a set, let X* be the Cartesian product of X with itself. Call a subset 
D of X* a diagonal if for every x in X there exists a unique y in X and there 
exists a unique z in X such that (x, y)€D and (z, x) CD. Prove that there exists 
a mapping from X? onto X such that the inverse image of every point is a diag- 
onal. 


Solution by D. J. Foulis, University of Chicago. We can endow the ab- 
stract set X with the structure of an abelian group; in fact, if X is a finite set 
containing m elements, we may use the cyclic group Z, to induce a group structure 
on X, while if X is an infinite set, it can be put into 1-1 correspondence with 
the set of all finite subsets of itself, and the latter set is an abelian group under 
the operation of symmetric difference. In either case, let ¢:X?—>X be the group 
operation induced on X. That ¢ is the desired mapping follows immediately 
from the fact that the equations ¢(a, x) =) and ¢$(x, a) =b are uniquely soluble 
in a group. Even more, since the group is abelian, the inverse image of every 
point is a symmetric diagonal in the sense that (x, y)€@~(a) if and only if 
(y, x) (a) for each element aE X. 

Also solved by S. K. Berberian, H. H. Corson, R. O. Davies, Walter Feit and 
Jean-Pierre Meyer, Lawrence Glasser, A. J. Goldman, A. S. Hendler, A. H. 
Kruse, Joachim Lambek, O. W. Rechard, and the proposer. 
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Attraction under an Inverse Square Law 
4659 [1955, 659]. Proposed by R. C. Lyness, Preston, England 


A solid of uniform density is bounded by those halves of the surfaces x?+-y? 
+2?=a? and x?+-y?+c*z?=a? for which 220. Find c so that under an inverse 
square law the solid attracts a particle at the origin as if its mass were con- 
centrated at a point on its surface. 


Solution by Norman Miller, Queen’s University, Kingston, Canada. There are 
two cases according as c>1 or c<1. (1) Take c>1. The number of units of 
volume of the solid in question is 27a*(c—1)/3c. Suppose this mass were con- 
centrated at the point (0, 0, a). (By symmetry the point must be on the z-axis, 
and it cannot be on or beyond the outer surface.) Then the attraction of the 
mass on a particle of unit mass at the origin would be K2ma(c—1)/3c units, K 
being a constant. The actual force of attraction is F units, where 


dF = K2nx2(x? + 2?)-*/*dxdz, 
and 


a 
F = K2x f xdx f + 
0 vVat—z/e 


This is easily evaluated with the result F=Kma(c—1)/(c+1). The problem 
requires that 


2(¢ — 1)/3¢ = (¢ — 1)/(e + 1) 
whence c=2. 


(2) Take c<1. The point at which the mass should be concentrated is then 
(0, 0, a/c). Obvious modifications of the foregoing solution lead to the equation 


2c(1 — = (1-0) /(1 + 
whence ¢=(4/7 —1)/2. 


Also solved by W. A. Al-Salam, A. J. Goldman, A. R. Hyde, Gene Pulley, 
and the proposer. 


Expected Number of Correct Guesses 
4661 [1955, 659]. Proposed by J. B. Kelly, Michigan State University 


From an urn containing m black balls and m white balls, balls are drawn one 
at a time without replacement. An observer guesses the outcome (black or white) 
of each drawing. It is assumed that at any stage he will guess black if there 
remain more black balls than white ones and vice versa. Determine E(m) the 
expected value of the number of correct guesses made during the entire procedure 
until all the balls have been withdrawn. Give an asymptotic formula for 
E(m) —m. 
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I. Solution by Max Wyman and Leo Moser, University of Alberta. Let E(n, m) 
denote the expectation for the number of correct guesses starting with m white 
and m black balls. An elementary consideration yields the recurrence 


_ max (n, m) n m 
(1) E(n, m) n+m + +~ — 1), 
(2) E(0, m) = E(m, 0) = m. 
Let 
(3) E(n, m) = max (n, m) + f(n, m)/ (" "). 
Then (1) and (2) take the form 
(4) f(n, m) = f(n — 1, m) = f(n, m — 1) n*~ m, 
2m — 1 
(5) fm, m) = 2f(m,m — 1) + *), 


(6) S(O, m) = f(m, 0) = 0. 


For each 7, 0SrSmin (n, m), the function 


satisfies (4). Hence for arbitrary constants, 6,, the function 


min(n,m) —2 
(7) (mm) =" ‘) 
r=0 


will satisfy (4). Further, ¢(n, m) can also be made to satisfy (6) by taking b) =0, 
and then to satisfy (5) by taking 


Hence the solution of (4), (5) and (6) is given by 


where the last form results from a familiar identity in binomial coefficients 
(easily established by induction). 
Finally from (3) and (8) we have 


1 

S 

rT 
( 
I 
( 

r=1 
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Stirling’s formula for n! gives the asymptotic value E(m) —m~}./xm. 

II. Solution by H. Kesten and J. Th. Runnenburg, Mathematical Centre, 
Amsterdam, Holland. Consider the lattice points (7, k) with OSi, k&m. We can 
represent every sequence of drawings by means of a path joining the point 
(0, 0) to the point (m, m). Every path consists of horizontal and vertical seg- 
ments of unit length connecting lattice points. A horizontal (vertical) segment 
corresponds to the drawing of a white (black) ball. In a point of the diagonal 
(i.e., a point (7, r) with O<Sr<m) the probability of a correct guess is §. 
In a point not on the diagonal a correct guess corresponds to a step towards 
the diagonal. For every complete path exactly m steps are towards the diagonal 
and m steps away from it. Therefore E(m)=m+4 >-™,' P,, where P, is 
the probability of a path meeting the diagonal at the point (7, 7) and is given 


After simple reductions we have 


2 
m 


Also solved by A. E. Currier, and the proposer. 


Complete Sequences 


4662 [1955, 660]. Proposed by J. E. Wilkins, Jr., Nuclear Development 
Corporation, White Plains, N. Y. 


If X is a measure space and if ¢,(x) and W(x) are two sequences of functions 
in L2(X) which are complete in L,(X), then the sequence ¢,(x)y;(y) is complete 
in L,(X, X). 


Solution by the proposer. Suppose f(x, y) is in L2(X, X), and that 


ffs 


For almost all x, the function f(x, y) is in Z2(X) when considered as a function 
of y, and so the function 


fa) = f fe, diddy 


exists almost everywhere. This function is clearly measurable and has a summa- 
ble square, and so is in L2(X). Moreover, by Fubini’s theorem, 


J = 0. 
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‘Hence f;(x) =0 almost everywhere, and the exceptional set E may be chosen 
independent of 7. It is then clear that if x is not in E there exists a set F(x) con- 
tained in X such that F(x) has measure zero and f(x, y) =0 whenever (x, y) is 
not in the set A consisting of all points (x, y) for which either X is in E, or x is 
not in E and y is in F(x). The set A need not be measurable, but the set B of all 
points (x, y) for which f(x, y) #0 is a measurable subset of A. If B, is the set of 
points y for which (x, y) is in B, then B, is a subset of F(x) if x is not in EZ, and 
so B, has measure zero for almost all x. By Fubini’s theorem, the set B has 
measure zero and so f(x, y) =0 almost everywhere. 

Also solved by R. O. Davies. 


Editorial Note. It seems that the hypothesis should require X to be a o-finite 
measure space in order to permit the use of Fubini’s theorem as given above. 
A Diophantine Equation 
4666 [1955, 734]. Proposed by R. Venkatachalam Iyer, Trivandrum, India 
If T,=p(p+1)/2, solve in integers the equation 


1 1 1 


Editorial Note. By the substitution a=2x+1, b=2y+1, c=2z+1, the given 
equation becomes 


(1) (a? — 1)-? + (6? — 1)! = — 
In special cases, (1) is easy to solve. Thus, if b=a, (1) becomes 
— 2? = — 1, 


and if b=a+2, (1) becomes 
— — 1)/2}? = —1. 
Now, as is well known, all solutions of the “Pell” equation 
—2n7=—1 
are given by 


From these, infinitely many solutions of the original equation are obtained, 
e.g., (x, y, 2) =(3, 3, 2), (20, 20, 14), (119, 119, 84), ---, (4, 5, 3), (28, 29, 20), 
(168, 169, 119),---. 

No reason why solutions corresponding to | b- a| 22 may not exist has been 
suggested, but no particular solutions have appeared except such as come under 
the two special cases cited. 

Partially solved by F. A. Homann, Edgar Karst, J. M. Khatri, E. M. 
Michalup, Walter Penney, and the proposer. 


RECENT PUBLICATIONS 
EpITED By R. V. ANDREE, University of Oklahoma 


All books for review should be sent directly to R. V. Andree, Department of Mathematics, 
University of Oklahoma, Norman, Oklahoma, and not to any of the other editors or officers of 
the Association. 


Modern Trigonometry. By W. A. Rutledge and J. A. Pond. New York, Prentice- 
Hall, Inc. 1956. ix+243 pages. $3.95. 


At first glance one may be impressed by the unusual format of the book. 
Each chapter is preceded by a full page on the left devoted to the title and chap- 
ter number, the latter being superimposed on a small figure designed to portray 
some phase of the material in the chapter. Most of the figures are quite large, 
many occupying half a page or more. One must keep these facts in mind when 
evaluating the actual number of pages devoted primarily to text material. 

The book consists of the following chapters with their summaries: Chapter 
1—Angles. This chapter introduces various ideas involving angles and angle 
measure. Chapter 2—Logarithms. A discussion of logarithms occupies approxi- 
mately twenty-six pages and as a result it is not until Chapter 3, page 51, that 
definitions of the trigonometric functions are introduced. Perhaps the best excuse 
for the arrangement can be supplied by quoting directly from the preface—*The 
order of Chapters 1 and 2 is arbitrary. It is undesirable for the study of loga- 
rithms to interrupt the development of trigonometry yet we feel that in the un- 
settled opening days of the course the ideas of Chapter 1 can be mastered more 
easily than can the comprehension of logarithms.” In spite of this, the reviewer 
cannot help but feel that the chapter on logarithms might well have been post- 
poned. 

Chapter 3—Trigonometric Functions. Functions of real variables, ranges 
and domains are discussed and the trigonometric functions are introduced as 
special examples. 

Chapter 4—Trigonometric Solutions of Plane Triangles. Numerical solu- 
tions of triangles including the law of sines and the law of cosines together with 
their applications are treated. 

Chapter 5—Cos (a—f) and Related Functional Values. The formula for 
cos (a—f) is derived in an unconventional but elegant manner by use of the 
distance formula. From this the formulas for cos (a+), sin (a+), tan (a+8), 
etc., are deduced. 

Chapter 6—Related Angles and the Law of Tangents. Functional values of 
a number @ are expressed in terms of functions of a number between 0 and 1/2 
by use of the formulas developed in Chapter 5. In addition the law of tangents 
is derived and a formula for the radius of a circle inscribed in a triangle is ob- 
tained. 

Chapter 7—Variations and Graphs of the Functions. Graphs of the trigono- 
metric functions are discussed. Great care is given to emphasize the distinction 
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between y=A sin x and y=sin Ax. 

Chapter 8—Inverse Functions and Trigonometric Equations. The inverse 
functions (written arc sin, --~- instead of sin-', ---) are discussed. Care is 
given in the explanation of principal values. Use of the logical symbolism 
x€arc sin S for x is an element of the set arc sin S or x belongs to the set arc 
sin S appears throughout the chapter. 

Chapter 9—Complex Numbers. The usual operations with complex numbers 
are discussed. De Moivre’s theorem for positive integers is proved by use of 
mathematical induction. A proof that the equation z*=w, where w is a given 
complex number, has m distinct roots, is presented. 

Problems are divided into two types called ORALS which are essentially sight 
problems and EXERCISES which are of the usual type. Answers are not given 
for the ORALS but answers are given for the odd-numbered exercises. 

The book has many favorable features to recommend it, not the least being 
the functional concept which pervades the text and the clear unhurried manner 
in which the subject matter is developed. 

M. R. SPIEGEL 
Rensselaer Polytechnic Institute 


Plane Trigonometry. By A. Spitzbart and R. H. Bardell. Cambridge, Massa- 
chusetts, Addison-Wesley Publishing Company, 1955. viii+205 pages. 
$3.75. 


The book is designed, as the authors state in the preface, to emphasize 
“the analytical rather than computational trigonometry.” The following are the 
chapter headings with their summaries: 

Chapter 1—The Trigonometric Functions. This chapter treats degree and 
radian measure of an angle, functions in general and the trigonometric functions 
in particular. The various trigonometric functions of general angles in terms of 
functions in the first quadrant are taken up. Use of tables is adequately empha- 
sized. 

Chapter 2—Circle Relations. Right Triangles. Formulas for the length of 
an arc of a circle and the area of a sector of a circle are derived. The concept of 
uniform angular speed and its relation with linear speed is introduced. Inter- 
polation in trigonometric tables is presented. Solutions of right triangles are 
given together with applications among which are problems involving vectors 
such as computation of tensions in cables, etc. An added feature is a section on 
significant figures. 

Chapter 3—Graphs of the Trigonometric Functions. Inverse Trigonometric 
Functions. The chapter deals with the graphs of all the trigonometric functions 
including contractions, expansions, translations and reflections of the graphs. 
Definitions of odd and even functions are given. Inverse trigonometric functions 
and their graphs are introduced here together with the concept of principal- 
values. 

Chapter 4—Properties of the Trigonometric Functions. Various identities 
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are treated. The addition formulas sin (A +B) etc., the double and half angle 
formulas, and the product and factor formulas are derived. A proof of the addi- 
tion formula for general angles utilizes the law of cosines which was established 
in an exercise of a previous chapter. Trigonometric equations are solved. 

Chapter 5—Logarithms. This is a purely computational chapter dealing with 
the usual properties of logarithms. Trigonometrical functions are not mentioned 
in this chapter. 

Chapter 6—The Solution of Oblique Triangles. In this chapter are derived 
the law of sines and the law of cosines and tangents. Applications involving the 
use of logarithms are included. The area of a triangle is determined in terms of 
two sides and the included angle and also in terms of two angles and a side. 

Chapter 7—Complex Numbers. Here are discussed the customary operations 
with complex numbers. De Moivre’s theorem is derived for a few special cases. 
The proof by mathematical induction is left to the student. The various mth 
roots of a complex number are obtained. 

There are several features of this book which are noteworthy. There seems 
to be a constant attempt toward unification of the various concepts of trigonome- 
try. As one example of this is the almost simultaneous treatment of the trigono- 
metric and inverse trigonometric functions. The various physical applications 
should prove useful to the scientifically-minded. The exercises are well chosen 
and answers to the odd numbered ones are presented. The book seems well- 
organized and the format is good. 

In spite of the relatively short space of text material, the reviewer feels that 
there is a large amount of subject matter present, much of which is quite valu- 
able. As a consequence the student who uses the whole text should be kept busy 
but his efforts will probably be proportionately rewarded. 

M. R. SPIEGEL 
Rensselaer Polytechnic Institute 


NEWS AND NOTICES 
EpITED By EpitH R. SCHNECKENBURGER, University of Buffalo 


Readers are invited to contribute to the general interest of this department by sending news 
items to Edith R. Schneckenburger, University of Buffalo, Buffalo 14, New York. Items 
should be submitted at least two months before publication can take place. 


SHELL MERIT FELLOWSHIPS 


Shell Companies Foundation has announced that seminars for teachers of high school 
physics, chemistry and mathematics will be conducted at Cornell University and 
Stanford University during the summer of 1957, Teachers with five years experience and 
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known leadership ability are eligible for fellowships covering travel costs, tuition fees, 
living expenses, and $500 in cash. 

Teachers living west of the Mississippi should send requests for fellowship applica- 
tions to School of Education, Stanford University, Stanford, California. Teachers east of 
the Mississippi should write to the Department of Education, Cornell University, Ithaca, 
New York. 


ORACLE APPLICATIONS PROGRAM 


The following information supplements an announcement of this program which 
was published in this MONTHLY, vol. 63, 1956, pp. 594-595. The ORACLE Applications 
Program is conducted by the University Relations Division of the Oak Ridge Institute 
of Nuclear Studies and the Mathematics Panel of Oak Ridge National Laboratory. Dr. 
T. W. Hildebrandt, staff member of the Institute and director of the program, is working 
with the Mathematics Panel of the Laboratory, headed by Dr. A. S. Householder, in 
preparing university-originated problems for ORACLE computation. The ORACLE is 
the high-speed electronic digital computer of the Oak Ridge National Laboratory. The 
program is designed to make available to university personnel not only computer time 
but also the combined experience and knowledge of members of the Mathematics Panel. 
Further information may be obtained from Dr. T. W. Hildebrandt, ORACLE Applica- 
tions, University Relations Division, Oak Ridge Institute of Nuclear Studies, P. O. Box 
117, Oak Ridge, Tennessee. 


PERSONAL ITEMS 


Mr. Richard M. Friedberg, Harvard University, has been awarded the William 
Lowell Putnam Prize Scholarship. 

Professor Jewell H. Bushey of Hunter College represented the Association at the 
Twenty-First Educational Conference which was held in New York City on November 
1-2, 1956. 

Professor Izaak Wirszup, University of Chicago, was the representative of the Associ- 
ation at the Thirty-Ninth Annual Meeting of the American Council on Education on 
October 11-12, 1956 in Chicago. 

Alabama Polytechnic Institute: Associate Professor Wilfrid Wilson, University of 
Illinois, has been appointed to a professorship; Associate Professor W. D. Peeples, Jr., 
Howard College, has been appointed to an assistant professorship; Mr. D. H. Clanton, 
University of South Carolina, Mr. E. R. Ivey, Mrs. Ella S. Lindsey, Mr. J. L. Locker, 
and Mrs. Christine Parker, Northwest Junior College, have been appointed to instructor- 
ships; Associate Professor Ernest Ikenberry has been promoted to Research Professor; 
Assistant Professor N. C. Perry has been promoted to a research associate professorship; 
Assistant Professors R. W. Ball and L. P. Burton have been promoted to associate pro- 
fessorships. 

Brooklyn College: Dr. Meyer Jordan, Lecturer at the College, has been appointed to 
an instructorship; Assistant Professor A. J. Maria has been promoted to an associate 
professorship; Professor Walter Prenowitz lectured on vector analysis at the Institute 
for Teachers, Williams College during the summer of 1956. 

California Institute of Technology: Assistant Professor Robert Finn, University of 
Southern California, has been appointed to an associate professorship; Dr. Basil Gordon 
has been appointed to an instructorship. 

Carnegie Institute of Technology: Dr. Walter Noll, University of Southern Cali- 
fornia, has been appointed to an associate professorship; Dr. A. D. Martin, Institute for 
Advanced Study, Dr. R. C. MacCamy, University of California, and Dr. R. A. Moore, 
Yale University, have been appointed to assistant professorships; Mr. J. O. Montague, 
Teaching Assistant at the Institute, and Mr. E. P. Shelley have been appointed to in- 
structorships; Mr. J. S. Rustagi has been"promoted to an assistant professorship. 


— LA 6D 


t 
1 
I 
I 
1 


1957] NEWS AND NOTICES 59 


Columbia University: Dr. H. C. Wang, University of Washington, is Visiting Associ- 
ate Professor; Dr. Jacob Feldman, Institute for Advanced Study, has been appointed 
Visiting Assistant Professor; Mr. E. J. Taft, Assistant, Yale University, has been ap- 
pointed to a research instructorship; Dr. Pinchas Mendelson, a graduate student, Prince- 
ton University, has been appointed to an instructorship; Assistant Professor R. V. 
Kadison has been promoted to an associate professorship. 

Hampton Institute: Assistant Professor S. R. Beyma has been promoted to an associ- 
ate professorship; Miss Rosalind Eagleson has returned to the mathematics staff after 
two years of graduate work at the University of Michigan. 

Illinois Institute of Technology: Associate Professor Haim Reingold has been pro- 
moted to a professorship; Assistant Professors Gerald Berman and R. A. Struble have 
been promoted to associate professorships; Dr. C. A. Nicol and Dr. Alfonso Shimbel 
have been promoted to assistant professorships. 

Iowa State College: Dr. R. E. Gaskell, a mathematician, Boeing Aircraft Corpora- 
tion, Seattle, Washington, is Visiting Professor for the first semester; Dr. R. L. Dunn, 
Graduate Assistant, University of California, Los Angeles, has been appointed to an 
instructorship; Assistant Professors Frank Bortle, George Seifert, and H. J. Weiss have 
been promoted to associate professorships; Dr. D. A. Storvick has been promoted to an 
assistant professorship. 

Lehigh University: Mr. Paul Axt, Teaching Assistant, University of Wisconsin, and 
Mr. Constantine Kassimatis, Lecturer, Queen’s University, have been appointed to 
instructorships; Assistant Professor S. G. Bourne, University of California, has been 
appointed to an assistant professorship; Dr. R. C. Carson has been promoted to an assist- 
ant professorship. 

Montana State College: Mr. Wilbur Sims, Mrs. Patricia Peckenpaugh, and Mr. 
Homer Terwilliger have been appointed to instructorships; Dr. Hans Sagan has been 
promoted to an assistant professorship. 

Montana State University: Dr. L. A. Schmittroth, Harvard University, has been 
appointed to an assistant professorship; Associate Professor T. G. Ostrom has been pro- 
moted to a professorship; Assistant Professors W. M. Myers and J. Hashisako have 
been promoted to associate professorships. 

Northwestern University: Assistant Professors J. C. E. Dekker and Alex Rosenberg, 
and Associate Professor Daniel Zelinsky are on leaves of absence for the year 1956-57 
at the Institute for Advanced Study. 

Occidental College: Associate Professor P. B. Johnson has been promoted to a pro- 
fessorship; Assistant Professor Mabel S. Barnes has been promoted to an associate pro- 
fessorship. 

Oklahoma Agricultural and Mechanical College: Dr. Jeanne L. Agnew has been ap- 
pointed to an assistant professorship; Mr. J. C. Hetrick, Continental Oil Company, 
Ponca City, Oklahoma, and Dr. D. R. Shreve, Research Mathematician, Carter Research 
Laboratories, Tulsa, Oklahoma, have been appointed Adjunct Professors; Mr. M. A. 
Albright, Graduate Assistant at the College, has been appointed to an instructorship; 
Associate Professor C. E. Marshall has been promoted to a professorship; Professor 
E. F. Allen has retired with the title Professor Emeritus. 

Pomona College: Mr. Jay Davis has been appointed to an instructorship; Miss Jean 
B. Walton, Dean of Women, spent the year in Japan as a Fulbright scholar; Professor 
C. G. Jaeger worked as a senior research engineer at Consolidated-Vultee Aircraft Cor- 
poration during the summer. 

Rutgers University: Assistant Professor R. E. Heaton, University of Richmond, and 
Dr. Abe Shenitzer, a member of the Bell Telephone Laboratories, Murray Hill, New Jer- 
sey, have been appointed to instructorships; Dr. R. K. Brown has been promoted to an 
assistant professorship. 
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State College of Washington: Dr. O. W. Rechard, staff member, Los Alamos Scien- 
tific Laboratory, New Mexico, has been appointed Associate Professor and Director of 
the Computing Center; Dr. A. P. Hillman, Associate, Columbia University, Dr. C. T. 
Long, Teaching Fellow, University of Oregon, Dr. P. L. Meyer, Assistant Professor 
G. K. Overholtzer, Georgia Institute of Technology, and Dr. Hans Schneider, Queen's 
University, Belfast, have been appointed to assistant professorships; Mr. C. D. Aronson 
has been appointed to an acting instructorship. 

State University of Iowa: Dr. Steve Armentrout, Jr., University of Texas, has been 
appointed to an instructorship; Assistant Professor R. V. Hogg, Jr., has been promoted to 
an associate professorship; Professor Emeritus E. W. Chittenden has a leave of absence 
for 1956-57 to continue his appointment as a mathematician, Diamond Fuse Laboratory, 
Washington, D. C.; Associate Professor Byron Cosby, Jr., is on leave of absence for the 
academic year 1956-57 as an analyst, Office of the Secretary of Defense, Weapons Sys- 
tems Evaluation Group, Washington, D. C. 

Syracuse University: Dr. Bruce Gilchrist, Mathematician, Institute for Advanced 
Study, Dr. A. G. Kostenbauder, University of Connecticut, and Dr. R. J. Lundegard, 
Research Fellow, Purdue University, have been appointed to assistant professorships; 
Dr. Lily Seshu, Research Assistant, University of Illinois, has been appointed to an 
instructorship; Associate Professors Albert Edrei and Abe Gelbart have been promoted 
to professorships; Assistant Professors R. M. Exner and W. A. Pierce have been promoted 
to associate professorships; Dr. G. F. Leger has been promoted to an assistant profes- 
sorship; Assistant Professor H. C. Bennett has retired with the title of Assistant Profes- 
sor Emeritus; Associate Professor Ruth Stokes is on leave of absence for 1956-57. 

University of Akron: Assistant Professor Louis Ross has been promoted to an associ- 
ate professorship; Assistant Professor R. H. Davis spent the summer at the Watson 
Computing Laboratory, Columbia University. 

University of Alabama: Professor Rudolf Festa, University of Vienna, Austria, has 
been appointed Visiting Professor; Mr. Henry Miller, a graduate student at the Uni- 
versity of North Carolina, Mr. Richard McCourt, a graduate student at Cornell Uni- 
versity, Mr. Arnold Milner, a graduate student at the University, and Miss Emma J. 
Pitts, Alabama College, have been appointed to instructorships. 

University of Alberta: Dr. C. P. Aggarwal, Purdue University, has been appointed 
Visiting Associate Professor of Mathematical Statistics for 1956-57; Associate Professor 
Max Wyman has been promoted to a professorship; Assistant Professors G. K. Horton 
and R. Jacka have been promoted to associate professorships. 

University of Arizona: Assistant Professor E. D. Nering of the University of Minne- 
sota has been appointed to an associate professorship; Mrs. Georgia T. Hart, Assistant 
at the University, Mrs. Caroline M. Jensen, University of Colorado, and Mr. L. D. Mc- 
Lain have been appointed to instructorships; Dr. A. H. Steinbrenner has been promoted 
to an assistant professorship. 

University of Arkansas: Assistant Professor O. P. Sanders, Southeastern State Col- 
lege, has been appointed to an assistant professorship; Miss Isabella K. Smith, Fort 
Smith Junior College, Miss Joyce Caraway, and Mr. R. M. Coulter have been appointed 
to instructorships. 

University of British Columbia: Dr. P. S. Bullen, Lecturer, University of Natal, 
Durban, South Africa, has been appointed to an instructorship; Dr. R. A. Restrepo, 
Research Fellow, California Institute of Technology, has been appointed Lecturer; 
Dr. M. D. Marcus has received a Postdoctoral Research Associateship from the National 
Research Council for 1956-57 and is on leave of absence for this period. 

University of California, Berkeley: Professor Alfred Tarski has been elected Presi- 
dent of the International Union for the Philosophy of Science; Associate Professor Ber- 
tram Yood, the University of Oregon, has been appointed Visiting Associate Professor; 
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Dr. James Eells, Jr., Institute for Advanced Study, Dr. Bertram Kostant, formerly Hig- 
gins Lecturer at Princeton University, and Dr. P. E. Thomas, Associate, Columbia 
University, have been appointed to assistant professorships; Mr. Leslie Fox, on leave 
from the National Physical Laboratory, England, has been appointed Lecturer; Dr. 
A. B. J. Novikoff, Associate, Radiation Laboratory, Johns Hopkins University, and 
Mr. Mishael Zedek, a graduate student at Harvard University, have been appointed to 
instructorships; Mr. Gonzlo Zubieta, National University of Mexico, is spending a few 
months at the University; Associate Professor M. H. Protter is on leave of absence for 
1956-57 in Europe; Professors Hans Lewy and R. M. Robinson are on sabbatical leave. 

University of California, Los Angeles: Professor P. J. Laasonen, Finland Institute of 
Technology, Helsinki, Finland, has been appointed Visiting Professor; Assistant Pro- 
fessor P. K. Henrici, American University, has been appointed Visiting Associate Pro- 
fessor; Assistant Professor B. W. Volkmann, University of Utah, has been appointed 
Visiting Assistant Professor; Dr. O. B. Helman, Finland Institute of Technology, and 
Dr. T. S. Ferguson, a graduate student at the University of California, have been ap- 
pointed to instructorships; Assistant Professors E. A. Coddington, R. M. Redheffer, 
and J. D. Swift have been promoted to associate professorships. 

University of Colorado, Department of Applied Mathematics: Professor K. H. 
Stahl has been named Assistant Dean of the College of Engineering; Mr. C. E. Aull, 
University of Arizona, Mr. J. D. DePree, Mr. J. R. Florence, Jr., Mr. K. L. Hillam, 
Assistant, University of Utah, Miss Anna M. Merrill, Mr. P. F. Smith, and Mr. R. G. 
Thompson have been appointed to instructorships; Assistant Professor P. F. Hultquist 
is on leave of absence at Lockheed Aircraft Corporation, Palo Alto, California; Assistant 
Professor J. F. Wagner is on leave of absence at Control Cells, Inc. 

University of Connecticut: Dr. E. T. Wong, University of Rochester, and Mr. 
Arthur Radin have been appointed to instructorships; Dr. E. S. Wolk has been promoted 
to an assistant professorship; Miss Fredrika H. Kilbourn, instructor at the Waterbury 
Branch, has retired. 

University of Florida: Colonel F. C. Myers of the U. S. Air Force has been appointed 
to an assistant professorship; Assistant Professor E. H. Lehman of the Department of 
Statistics has been appointed Interim Assistant Professor; Mr. J. L. Savige, a mathematics 
teacher at New Port Richey, Florida, has been appointed Interim Instructor. 

University of Idaho: Assistant Professors H. W. Crowley, State College of Washing- 
ton, and A. E. Labarre, Jr., University of Wyoming, have been appointed to assistant 
professorships; Mr. J. R. Eno, Mr. Donald Muir, and Mr. John Reay have been ap- 
pointed to acting instructorships. 

University of Illinois: Dr. H. A. Osborn, University of California, and Dr. Eugene 
Paige have been appointed to assistant professorships; Mr. Tyler Allhands and Mr. T. T. 
Robinson, Research Assistant at Princeton University, have been appointed to instruc- 
torships; Dr. D. B. Lowdenslager, Research Associate, University of California, has 
been appointed Research Associate; Assistant Professors Alex Heller and Irving Reiner 
have been promoted to associate professorships; Associate Professor P. T. Bateman and 
Professor G. P. Hochschild are on leaves of absence for 1956-57 at the Institute for Ad- 
vanced Study; Professor J. L. Doob is on sabbatical leave in Geneva, Switzerland; 
Professor M. M. Day is on sabbatical leave for the academic year 1956-57; Professor 
Reinhold Baer is on leave of absence for 1956-57 at Mathematisches Seminar der Uni- 
versitat, Frankfurt, Germany; Assistant Professor N. S. Hawley, Jr., is on leave of ab- 
sence at Stanford University; Professor W. G. Madow, on leave during 1956-57, is at the 
Center for Advanced Study in the Behavioral Sciences, Stanford, California; Assistant 
Professor Michio Suzuki is on leave during 1956-57 at Harvard University. 

University of Kansas: Dr. D. R. Truax, Research Associate, California Institute of 
Technology, and Dr. E. A. Walker, Mathematician, National Security Agency, Washing- 
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ton, D. C., have been appointed to assistant professorships; Miss Frances L. Wolfe, 
Assistant to the Chancellor of the Woman’s College of the University of North Carolina, 
has been appointed to an instructorship; Assistant Professor K. T. Smith has been pro- 
moted to an associate professorship; Professor G. W. Smith has retired with the title 
Professor Emeritus; Dr. Avner Friedman, Hebrew University, Jerusalem, Irsael, is 
spending the academic year 1956-57 at the University as a research associate. 

University of Maryland: Dr. Werner Greub of Zurich University, Switzerland, Dr. 
Harold Holmann, Assistant Professsor Dora E. Kearney, lowa Wesleyan College, Mrs. 
Mary B. McClay, Mr. T. A. Paley, the University of Connecticut, and Dr. John Raleigh, 
University of Pennsylvania, have been appointed to instructorships; Miss Dagmar 
Henney and Mr. C. L. Tibery have been appointed to junior instructorships; Dr. Ger- 
trude Ehrlich and Dr. W. G. Rosen have been promoted to assistant professorships; 
Assistant Professor G. L. Spencer, II, is on leave of absence for one year on a National 
Science Foundation Post-doctoral Fellowship at the Institute for Advanced Study. 

University of Mississippi: Assistant Professor R. A. Stokes has returned after gradu- 
ate work at University of Texas; Dean Fred Fulton, East Mississippi Junior College, and 
Lt. Col. Alliston Slade, U. S. Air Force, have been appointed to instructorships; Assistant 
Professor N. A. Childress has been promoted to an associate professorship; Associate 
Professor L. L. Scott, recipient of a Ford Foundation Grant for 1955-56, has returned 
after a year of study at the University of California. 

University of Montreal: Dr. Istvan Fary, Research Associate at the University, has 
been appointed to an associate professorship; Assistant Professor Maurice L’Abbé has 
been promoted to a professorship. 

University of New Mexico: Mr. P. G. Carr, University of Oregon and Mr. R. K. 
Scheer, University of Nebraska, have been appointed to instructorships. 

University of Oklahoma: Mr. L. L. Koontz, University of Arkansas, has been ap- 
pointed to an instructorship; Associate Professor A. A. Grau has been promoted to a 
professorship; Mr. J. C. Bradford, Graduate Assistant, has been promoted to an in- 
structorship; Professor Grau is on leave during the first semester of 1956-57 to work at 
the Oak Ridge National Laboratory; Associate Professor R. V. Andree is on leave for the 
academic year 1956-57 and will teach at Oklahoma Agricultural and Mechanical College 
in the National Science Foundation program during the first semester; Assistant Pro- 
fessor J. R. Foote is on leave of absence for the year 1956-57 and is at the Institute of 
Mathematical Sciences, New York University. 

University of Pennsylvania: Dr. Louis Auslander, Institute for Advanced Study, 
has been appointed to an assistant professorship; Professor Peter Scherk, University 
of Saskatchewan, has been appointed Visiting Professor; Associate Professors N. J. Fine 
and W. H. Gottschalk have been promoted to professorships; Dr. Pincus Schub has been 
promoted to Associate; Professor I. J. Schoenberg is on leave of absence at Stanford 
University. 

University of Rochester: Dr. J. C. Mairhuber, Graduate Assistant, University of 
Pennsylvania, and Dr. M. H. Pearl, Mathematical Analyst, Department of Defense, 
Washington, D. C., have been appointed to instructorships; Dr. Mary E. Rudin is part- 
time Assistant Professor for 1956-57; Mr. E. H. Batho has been promoted to an assistant 
professorship; Assistant Professor R. A. Raimi has returned after a year’s leave of ab- 
sence at Yale University under an Alfred H. Lloyd Postdoctoral Fellowship; Professor 
J. F. Randolph has returned from a sabbatical leave as Visiting Professor at the American 
University, Beirut, Lebanon; Associate Professor Dorothy Bernstein was Acting Chair- 
man during Professor Randolph’s absence; Associate Professor Walter Rudin has re- 
ceived an Alfred P. Sloan Research Fellowship for 1956-57; Associate Professor N. G. 
Gunderson and Assistant Professor R. W. MacDowell received summer research fellow- 
ships from the University; Professor Rudin participated in the special analysis program 
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at the University of Chicago during the summer; Professors Raimi and Rudin were mem- 
bers of the Conference on Harmonic Analysis and Integral Transforms at Cornell Uni- 
versity. A Computing Center with a Burroughs E101 and an IBM 650 has been estab- 
lished at the University and is directed by Dr. T. A. Keenan, Purdue University. 

University of Saskatchewan: Assistant Professor G. F. D. Duff, University of Toronto, 
has been appointed Visiting Professor; Dr. Richard Blum has been promoted to an associ- 
ate professorship; Dr. G. H. M. Thomas has been appointed to an assistant professorship. 

University of South Dakota: Dr. Marjorie H. Beaty has been appointed Assistant 
Professor; Mrs. Maxine Stewart has been appointed to an instructorship; Mr. Paul 
Haeder is on leave of absence at Iowa State College. 

University of Tennessee: Dr. Smbat Abian, University of Cincinnati, has been ap- 
pointed Acting Assistant Professor; Mr. R. D. McWilliams, Mrs. Irene P. Millsaps, 
Mr. C. C. Oehring, Virginia Military Institute, Mrs. Evelyn Sharp, and Mr. R. G. Vin- 
son, Florida State University, have been appointed to instructorships; Associate Profes- 
sors G. E. Albert, D. D. Miller, and W. S. Snyder have been promoted to professorships; 
Professor ©. G. Harrold is principal investigator on a project supported by a National 
Science Fcundation grant for a three year period. 

University of Utah: Assistant Professor J. H. Barrett, University of Delaware, has 
been appointed to an associate professorship; Dr. Lida K. Barrett, University of Con- 
necticut, Waterbury Branch, has been appointed Lecturer; Dr. W. J. Coles, Analyst, 
National Security Agency, Washington, D. C., and Dr. E. E. Kohlbecker, Assistant, 
University of Illinois, have been appointed to assistant professorships; Associate Pro- 
fessors F. C. Biesele, R. E. Chamberlin, and James Wolfe have been promoted to 
professorships; Professor C. R. Wylie, Jr., received one of the three annual alumni 
awards from Wayne State University. 

University of Wisconsin: Assistant Professor C. E. Burgess, University of Utah, 
has been appointed Visiting Lecturer; Dr. Joshua Chover, Institute for Advanced Study, 
has been appointed to an instructorship; Dr. J. B. Kruskal, Jr., Princeton University, 
has been appointed Research Instructor; Professor Rafael Artzy, Israel Institute of 
Technology, has been appointed Research Associate; Dr. Klaus Krickeberg, Research 
Associate, University of Illinois, has been appointed a project associate; Dr. E. R. 
Fadell has been promoted to an assistant professorship; Associate Professor W. F. 
Eberlein is on leave at the Institute of Mathematical Sciences, New York University; 
Professor S. C. Kleene is on leave of absence at Princeton University; Associate Professor 
Jacob Korevaar will be on leave during the second semester on a grant from the Office of 
Naval Research. 

University of Wyoming: Miss Dorothy J. Stodola, Marquette University, has been 
appointed to an instructorship; Assistant Professor M. J. Walsh, Florida State Univer- 
sity, has been appointed to an assistant professorship. 

Virginia Polytechnic Institute: Professor S. T. Gormsen, Rollins College, has been 
appointed to a professorship; Capt. E. W. Lamons, U. S. Navy, and Mr. R. H. Riffen- 
burgh have been appointed to assistant professorships; Mr. J. G. Moore has been ap- 
pointed to an instructorship. 

Wayne State University: Mrs. Ellen Dunlap, Graduate Assistant, Syracuse Univer- 
sity, and Mr. Max Krolik, Graduate Assistant at the University, have been appointed 
to instructorships: Associate Professors Y. W. Chen and A. W. Jacobson have been 
promoted to professorships; Assistant Professors S. D. Conte and B. J. Eisenstadt have 
been promoted to associate professorships; Professors Y. W. Chen and Benjamin Ep- 
stein have returned from leaves of absence; Professor K. W. Folley is on leave of absence 
for one year at the U. S. Naval Postgraduate School, Monterey, California; Associate 
Professor Samuel Kaplan is on leave of absence at the Institute for Advanced Study. 

Wisconsin State College, River Falls: Associate Professor Lillian Gough has been 
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appointed Chairman of the Mathematics Department; Dr. J. J. McLaughlin, previously 
Chairman of the Department, is now Director of the School of Arts and Sciences. 

Yale University: Professor A. A. Albert, University of Chicago, is Visiting Professor 
for 1956-57; Assistant Professors I. N. Herstein, University of Pennsylvania, and 
Erwin Kleinfeld, Ohio State University, have been appointed Visiting Lecturers; Assist- 
ant Professor F. E. Browder, Brandeis University, has been appointed to an assistant 
professorship; Dr. G. B. Seligman, Princeton University, has been appointed to an 
instructorship; Dr. F. D. Quigley has been promoted to an assistant professorship. 

Dr. R. E. Block has been appointed to an instructorship at Indiana University. 

Miss Jessie W. Boyce, who retired from the chairmanship of the Mathematics De- 
partment of Wayne State Teachers College, Nebraska, in 1955, is teaching at Augustana 
College, South Dakota. 

Assistant Professor H. E. Campbell, Emory University, has been appointed to an 
assistant professorship at Michigan State University. 

Capt. L. G. Campbell, U. S. Air Force, has been appointed Assistant Professor at 
the U.S. Air Force Academy. 

Dr. Peter Chiarulli, National Bureau of Standards, Washington, D. C., has been 
appointed Chairman of the Department of Mechanics, Illinois Institute of Technology. 

Mr. G. L. Crumley, Coffeyville College, has been appointed to an assistant professor- 
ship at The Citadel. 

Assistant Professor M. L. Curtis, Northwestern University, has been appointed to 
an associate professorship at the University of Georgia. 

Mr. L. W. Ehrlich, Graduate Assistant, University of Maryland, is employed by the 
Ramo-Wooldridge Corporation, Los Angeles, California. 

Dr. Isidore Fleischer, Lecturer, Northwestern University, has a position at Bell 
Telephone Laboratories, Murray Hill, New Jersey. 

Dr. Aubyn Freed, Assistant, University of Illinois, has been appointed to an instruc- 
torship at Smith College. 

Mr. W. V. Gamzon, a teacher at Woodrow Wilson High School, Long Beach, Cali- 
fornia, has been appointed to an instructorship at East Los Angeles Junior College. 

Associate Professor B. H. Gundlach, University of Arkansas, has been appointed to 
an assistant professorship at Bowling Green State University. 

Dr. H. M. Gurk, Moore School of Electrical Engineering, University of Pennsylvania, 
is employed now in the Advanced Development Section, Defense Electronic Products, 
Radio Corporation of America, Camden, New Jersey. 

Assistant Professor P. W. Healy, University of New Mexico, has accepted a position 
with Phillips Petroleum Company, Division of Research and Development, Idaho Falls, 
Idaho. 

Associate Professor R. F. Jackson, University of Delaware, has been promoted to a 
professorship. 

Associate Professor H. G. Jacob, Jr., Louisiana State University, has been appointed 
to an assistant professorship at Johns Hopkins University. 

Dr. J. P. Jans, Yale University, has been appointed to an assistant professorship at 
Ohio State University. 

Assistant Professor John Jewett, University of Alabama, has been appointed to an 
assistant professorship at the University of Georgia. 

Assistant Professor Ralph Johnson, Iowa State College, has retired from active 
teaching. 

Mr. Thomas Kampe, Pomona College, has a position as Mathematician, Librascope 
Corporation, California. 

Assistant Professor L. H. Kanter, Clarkson College of Technology, has been ap- 
pointed to an assistant professorship at Drexel Institute of Technology. 
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Mr. Marvin Karlin, University of Arizona, is teaching now at Pueblo High School, 
Tucson, Arizona. 

Professor L. M. Kelly, Michigan State University, is on leave of absence for the year 
at Harvard University. 

Mr. D. B. Kirk, research analyst, Mutual Benefit Life Insurance Company, Newark, 
New Jersey, has a position as Mathematician, Curtiss-Wright Research Division, Que- 
hanna, Pennsylvania. 

Assistant Professor Anne L. Lewis, Woman's College, University of North Carolina, 
has been promoted to an associate professorship. 

Mr. H. L. Lewis, Southwest Texas State Teachers College, has accepted a position 
with the Rand Corporation, Santa Monica, California. 

Associate Professor H. M. Linnette of Virginia State College has been granted a leave 
of absence for one year to receive a special appointment to government service. 

Associate Professor G. H. Lundberg, Vanderbilt University, has been promoted to 
the position of Professor of Applied Mathematics in the School of Engineering. 

Dr. E. J. Lytle, University of Florida, is employed by the I.B.M. Corporation, 
Poughkeepsie, New York. 

Associate Professor G. W. Mackey, Harvard University, has been promoted to a 
professorship. 

Mr. F. H. McGar, Jr., has been appointed to an instructorship in physics at Sweet 
Briar College. 

Dr. A. D. Miller, Santa Barbara Public Schools, California, has been appointed to an 
assistant professorship at Long Beach State College. 

Assistant Professor R. A. Miller, University of Mississippi, has a position with Con- 
solidated-Vultee Aircraft Corporation, Fort Worth, Texas. 

Mr. B. G. Mullen, University of Arkansas, has been appointed to an instructorship 
at Arkansas Polytechnic College. 

Dr. Mary M. Neff, University of Florida, has been appointed to an instructorship at 
John Carroll University. 

Mr. A. C. Nelson, University of Delaware, is employed by the Westinghouse Cor- 
poration, Pittsburgh, Pennsylvania. 

Mr. E. D. Nichols, University of Illinois, has been appointed to an associate pro- 
fessorship at Florida State University. 

Assistant Professor R. H. Oehmke, Butler University, has been appointed to an 
assistant professorship at Michigan State University. 

Associate Professor W. H. Pell, Brown University, has a position as Mathematician, 
National Bureau of Standards, Washington, D. C. 

Associate Professor W. M. Perel, Georgia Institute of Technology, has been ap- 
pointed to an assistant professorship at Texas Technological College. 

Dr. W. E. Perrault, St. Louis University, has been appointed to an assistant pro- 
fessorship at Boston College. 

Mr. C. F. Pinzka, Statistician, Educational Testing Service, Princeton, New Jersey, 
has been appointed to an instructorship at Xavier University. 

Mrs. Jean B. Richmond, Texas State College for Women, has been appointed to an 
instructorship at Texas Christian University. 

Mr. G. W. Ricker, Teaching Assistant, Rutgers University, is teaching at Lakewood 
High School, New Jersey. 

Associate Professor Saul Rosen, Wayne State University, has accepted a position 
with the Burroughs Adding Machine Corporation, Philadelphia, Pennsylvania. 

Associate Professor H. J. Ryser, Ohio State University, has been promoted to a 
professorship. 

Dr. W. C. Sangren, Chief of the Computing and Mathematics Division, Curtiss- 
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Wright Research, Clifton, New Jersey, is employed now by the General Dynamics 


Corporation, San Diego, California. 


Associate Professor J. W. Sawyer of the University of Richmond has been appointed 
to an associate professorship at Wake Forest College. 

Associate Professor Alfred Schild, Carnegie Institute of Technology, has a position 
at Westinghouse Research Laboratories, Pittsburgh, Pennsylvania. 

Assistant Professor Lowell Schoenfeld, University of Illinois, is employed in the 
Mathematics Division, Westinghouse Electric Corp., Pittsburgh, Pennsylvania. 

Dr. Frank Stallard, Iowa State College, has been appointed to an assistant professor- 


ship at Georgia Institute of Technology. 


Mr. R. H. Stark, Mathematician, Knolls Atomic Power Laboratory, Schenectady, 
New York, is now Manager of Mathematics & Computation, Vallecitos Atomic Labora- 
tory, General Electric Company, San Jose, California. 

Mr. R. K. Stump, Teaching Assistant, Rutgers University, is now in the U. S. 


Army. 


Mr. R. J. Wagner, Teaching Assistant, Rutgers University, has been appointed to 


an instructorship at Upsala College. 


Assistant Professor R. Dorsett, University of Oklahoma, died on August 6, 1956. 
Associate Professor J. C. Layman, Virginia Polytechnic Institute, died on May 18, 


1956. 


THE MATHEMATICAL ASSOCIATION OF AMERICA 
Official Reports and Communications 


NEW MEMBERS 


Professor H. M. Gehman, Secretary-Treasurer, announces that the following 102 
persons have been elected to membership by the Board of Governors on applications 


duly certified. 


W. R. Abel, A.M.(South Dakota) Instr., 
University of Missouri. 

R. L. Arms, B.S.(Stanford) Pvt., United 
States Army, Dugway, Utah. 

Lt. W. R. Ballard, M.S.(Chicago) Asst. Pro- 
fessor, Air Force Institute of Technology, 
Dayton, Ohio. 

Arne Benson, Mech. Engr., Sanders Associates, 
Nashua, N. H. 

Rev. J. E. Billotti,S.J.,B.A.(Fordham) Grad. 
Student, Fordham University. 

T. H. Blackburn, M.A.(Western Reserve) 


Instr., Case Institute of Technology. 
Salomon Bochner, Ph.D.(Berlin) Professor, 
Princeton University. 
R. E. Bowland, Student, Kent State University. 
Ralph Byrd, Student, De La Salle Military 
Academy, Kansas City, Mo. 


Helen I. Carbonneau, B.A.(New Hampshire) 
Junior Engr., Philco Corp., Philadelphia, 
Pa. 

J. B. Chassan, M.A.(George Washington) 
Chief Statistician, St. Elizabeths Hospital, 
Washington, D. C. 

L.T . Claiborne, Student, Baylor University. 

C. J. Clark, Ph.D. (Oklahoma-A.&M.C.) Res. 
Scientist, Lockheed Aircraft Corp., Palo 
Alto, Calif. 

Marie B. Cook, B.A.(Colorado) Math., Hollo- 
man Air Force Base, N. Mex. 

Anthony D’Antuono, M.Ed. (Boston U.) Prin- 
cipal, Cohassit High School, Mass.; Instr., 
Northeastern University. 

H. A. Dennis, M.A. (Illinois) Asso. Professor, 
Lamar State College of Technology. 

A. J. DiPalo, Student, Manhattan College. 
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W. G. Dotson, Jr., Student, Wake Forest Col- 
lege. 

J. A. Dudman, B.A.(Reed) Asst. Professor, 
Reed College. 

O. O. Duncan, B.A.(Wyoming) Instr. and 
Department Head, American River Junior 
College. 

C. K. Fendall, B.A.(Puget Sound) Grad. Stu- 
dent, Reed College. 

D. J. Fieldhouse, Student, Queen’s University. 

T. E. Finley, Jr., A.B.(Harvard) Chm., De- 
partment of Mathematics, Loomis School, 
Windsor, Conn. 

Mrs. Wanda W. Fleming, M.A. (Chicago) 
Asst. Professor, Jackson College. 

E. L. Gans, Student, Bronx High School of 
Science, New York. 

R. L. Garrett, M.A.(North Carolina) Pro- 
fessor, Middle Georgia College. 

Mrs. Daisy Gogan, M.A.(Montclair S.T.C.) 
Teacher, Clifton High School, N. J. 

L. D. Goldstone, B.C.E. (Rensselaer) Chem- 
ist, N. Y. State Department Public Works 
Laboratory, Albany, N. Y. 

Frances Gooen, M.A.(Montclair S.T.C.) 
Teacher, Central Evening High School, 
Newark, N. J. 

Nicholas Grant, M.A.(Pennsylvania) Teach- 
er, Central High School, Philadelphia, Pa. 

E. E. Grate, Asst. Mgr., Feature Products, 
Columbus, Ohio. 

Rev. F. A. Greene, S.J., M.A.(Fordham) 
Instr., Gonzaga High School, Washington, 

E. A. Gunter, M.A.(Columbia Teachers C.) 
Head, Department of Mathematics, North 
Plainfield High School, N.J. 

H. D. Hairfield, Jr., Student Asst., Oklahoma 
Agricultural and Mechanical College. 

L. W. Halbe, L.L.B.(Kansas City School of 
Law) Owner, L. W. Halbe Agency, Fort 
Pierce, Fla. 

E. F. Harding, Student, King’s College, Cam- 
bridge, England. 

J. J. Harton, Jr., Ph.D.(California) Math., 
Motorola, Inc., Riverside, Calif. 

H. J. Hauer, M.A. (California) Math., U. S. 
Naval Ordnance Test Station, China Lake, 
Calif. 

J. M. Holme, M.S.(Lehigh) Asso. Professor, 
U.S. Naval Academy. 

S. P. Helzapfel, B. A.(Baker) Kansas City, 
Mo. 
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R. A. Hoodes, Student, Hofstra College. 

J. R. Hooten, Jr., M.S.(Alabama P.I.) Asst. 
Professor, Florida State University. 

Mrs. Ruth E. Howe, A.M.(Michigan) Asst. 
Professor, Ferris Institute. 

Mrs. Dudley S. Hunt, M.A.(Bryn Mawr) 
Instr., Reed College. 

C. S. Hutchison, Sales Representative, Addison- 
Wesley Publishing Co., Reading, Mass. 

A. G. Itkin, M.S.(N.Y.U.) Asst. Statistician, 
Merck and Co., Rahway, N. J. 

W. W. Jacobs, Ph.D.(George Washington) 
Deputy Chief, Computation Div., U.S. Air 
Force, Washington, D. C. 

T. R. Jenkins, Ph.D.(U. of Washington) Res. 
Scientist, Lockheed Aircraft Corp., Palo 
Alto, Calif. 

P. L. Johnson, Student, Whitman College. 

A. J. Kainen, A.M.(Texas) Instr., Georgia 
Institute of Technology. 

C. F. Kossack, Ph.D.(Michigan) Professor 
and Head, Department of Mathematics, 
Purdue University. 

R. E. Lang, B.S.(John Carroll) Math., U. S. 
Atomic Energy Commission, Lemont, III. 

J. P. Leahy, B.E.E. (Louisville) Instr., Bel- 
larmine College. 

C. P. Lecht, Student, Seattle University; 
Operator & Programmer, I.B.M. Corp., 
Seattle, Wash. 

R. H. Lee, M.S. (Stanford) Res. Engr., Chro- 
matic T.V. Lab., Oakland, Calif. 

Eugene Levin, Ph.D.(U.C.L.A.) Supervisor, 
Mathematical Analysis Group, Ramo- 
Wooldridge Corp., Los Angeles, Calif. 

M. M. Lipschutz, M.S.(N.Y.U.)  Instr., Fair- 
leigh Dickinson College. 

Mary Lister, Ph.D.(London) Asst. Professor, 
Pennsylvania State University. 

P. G. Loewner, M.S.(Stanford) Numerical 
Analyst and Programmer, North American 
Aviation, Los Angeles, Calif. 

F. B. Malmborg, B.S.(N.Y.U.) Math., Com- 
putation Lab., Harvard University. 
Anthony Mardellis, M.A.(California) Asst. 
Professor, Long Beach State College. 

J. J. McCarthy, M.S.(N.Y.U.) Instr., City 
College of the City of New York. 

W. J. McLean, B.S. (Syracuse) Physicist, U.S. 
Naval Ordnance Lab., White Oak, Md. 

Myron Miller, Ed.D.(Michigan S.U.) Asst. 
Professor, Michigan State University. 
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Richard Molloy, M.A.(Johns Hopkins) Asst. 
Professor, U. S. Naval Academy. 

C. S. Morell, Systems Specialist, American 
Machine & Foundry Co., Boston, Mass. 

T. E. Mott, A.M.(Pennsylvania) Instr., 
Hazleton Center, Pennsylvania State Uni- 
versity. 

D. L. Muench, B.S.(St. John Fisher) Grad. 
Student, University of Rochester. 

R. D. Naiva, B.S.(Boston U.) Field Repre- 
sentative, Addison-Wesley Publishing Co., 
Reading, Mass. 

W. T. Neis, B.S.(Queens C.) Industrial Rela- 
tions Statistician, Aramco, Dhahran, Saudi 
Arabia. 

J. A. Olson, M.S.(S.U. of Iowa) Instr., Con- 
cordia College. 

W. L. Ostrowski, M.F.A. (Catholic) Head, Lo- 
cal Section Relations Office, American 
Chemical Society, Washington, D. C. 

L. N. Patterson, Student, Massachusetts 
Institute of Technology. 

Jose da Silva Paulo, Lic.Math.Sc. (Lisbon) 
Vice-Rector, Liceu Nacional de Oeéiras, 
Portugal. 

D. H. Potts, Ph.D.(California I.T.) Head, 
Theory & Analysis Section, U. S. Navy 
Electronics Lab., San Diego, Calif. 

Rev. Michael Richartz, S.V.D., Ph.D. (Muen- 
ster, Germany) Head, Department of 
Mathematics, University of San Carlos, 
Philippines. 

M. E. Rimmel, M.S. in Ed.(Akron) Instr., 
Indiana Technical College. 

I. J. W. Robinson, Student, Queen’s University. 

Hartley Rogers, Jr., Ph.D.(Princeton) Asst. 
Professor, Massachusetts Institute of Tech- 
nology. 

Marjorie Roskos, Student, Cardinal Stritch 
College. 

V. R. Sheffield, M.A.(Rochester) Asst. Pro- 
fessor, Kansas State Teachers College, 
Emporia. 

H. K. Shepard, Student, University of Illinois. 
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Sister Mary Frederick Holbrow, M.A. (Boston 
C.) Instr., College of St. Elizabeth. 

J. M. Slye, Ph.D.(Texas) Instr., University 
of Minnesota. 

J. H. Smith, Student, Cornell University. 

George Soberg, C.T.(Augsburg) Professor, 
Augsburg College. 

Patricia K. Southworth, Student, University of 
Oregon. 

Leon Steinberg, M.S.(Brown) Asst. Instr., 
University of Pennsylvania. 

Ernest Stennes, M.A.(Wyoming) Teacher, 
St. Cloud Teachers College, Minn. 

G. L. Stephens, M.S.(Kentucky) Numerical 
Analyst, General Electric Co., Evendale, O. 

Konrad Suprunowicz, M.A.(Nebraska) Grad. 
Asst., University of Nebraska. 

D. V. Susco, M.A.(U.C.L.A.) Staff Member, 
University of California, Los Alamos, N. 
Mex. 

Lee Suyemoto, B.A.(Cincinnati) Cincinnati, 
Ohio. 

Eileen J. Theisen, M.S.(Northwestern) Com- 
puting Engr., Rocketdyne, North American 
Aviation, Canoga Park, Calif. 

M. R. Thompson, Ed.D. (Oregon S.C.) Asso. 
Professor, Oregon College of Education. 

R. C. Thompson, M.A. (British Columbia) 
Defence Scientific Officer, Defence Re- 
search Board, Ottawa, Ont., Canada 

Mary Tsingou, M.S.(Michigan) Staff Mem- 
ber, University of California Scientific Lab., 
Los Alamos, N. Mex. 

J. R. Vail. M.A.(Michigan) Asst. Professor, 
Georgia Institute of Technology. 

R. E. Ward, Math., Jack & Heintz, Cleveland, 
Ohio. 

M. J. Ware, Asst. Superintendent, Byron 
Jackson Co., Los Angeles, Calif. 

Vaughan Weston, Ph.D.(Toronto) Res. Asst., 
Defense Research Board, Toronto, Ont., 
Canada. 

E. F. Wilde, M.A.(Illinois) Instr., Beloit 
College. 


THE APRIL MEETING OF THE METROPOLITAN NEW YORK SECTION 


The fifteenth annual meeting of the Metropolitan New York Section of the Mathe- 
matical Association of America was held at Stevens Institute of Technology, Hoboken, 
New Jersey on April 28, 1956. Dr. J. H. Davis, President of Stevens Institute of Tech- 
nology, gave the address of welcome. Dr. Barnett Rich, High School Vice-Chairman of 
the Section, presided at the morning session and Professor A. B. Brown, Chairman of the 
Section, at the afternoon session. 
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There were 158 persons in attendance, including 73 members of the Association. 

The following officers were elected for the year 1956-57: Chairman, Dean Mina S. 
Rees, Hunter College; Collegiate Vice-Chairman, Professor J. N. Eastham, Cooper 
Union; High School Vice-Chairman, Dr. Irving Dodes, Bronx High School of Science; 
Secretary, Dr. Azelle B. Waltcher, Hofstra College; Treasurer, Mr. Aaron Shapiro, 
Midwood High School, Brooklyn. 

At the business meeting reports were given by the Treasurer, the Committee on 
Membership, and the Committee on Contests and Awards. Professor C. G. Salkind, 
Co-Chairman of the latter committee reported, among other things, that 502 schools 
including 14,013 contestants had registered with the Section for the current contest. A 
motion that Professor W. H. Fagerstrom receive a vote of thanks and appreciation for 
his years of work as Chairman of the Committee on Contests and Awards was passed 
unanimously. 

The following papers were presented: 


1. Constructions with ruler and divider, by Professor Emil Artin, Princeton Univer- 
sity. 


The elementary constructions with ruler and divider were given as well as some examples of 
constructible and non-constructible problems. The analysis of constructibility led to the condition 
that all solutions of the problem should be real for all values of the parameters. 


The next three papers were presented as a panel discussion on the topic: “Does the 
High School Curriculum in Mathematics Provide the Optimum College Preparation 
for the Brighter Pupil?” 


2. What are the high schools doing for the abler mathematics student?, by Mr. S. L. 
Greitzer, Bronx High School of Science. 


Most schools can do little or nothing for the abler mathematics student because there are too 
few per school, and because of lack of personnel and courses. Most of the offerings for these students 
are to be found in a few specialized schools. At these schools, there are offered, in addition to ad- 
vanced algebra and solid geometry, a variety of courses now considered on the college level. These 
include analytic geometry, calculus, statistics, mathematical applications to science, etc. Because 
of the varied nature of the first year college courses, it is obviously impossible to prepare students 
so that they will show the same degree of ability at all colleges. It is suggested that the colleges 
would do well to standardize their offerings at the first year level. 


3. Does the high school curriculum in mathematics provide the optimum college prepara- 


tion for the brighter pupil?, by Professor W. H. Fagerstrom, The City College of New 
York. 


The speaker presented the College’s idea of what the preparatory curriculum should be. He 
warned that the success of any education program is hinged on the curiosity and creativeness of the 
pupils themselves. The teachers, he said, do not seem to encourage the students to work enough on 
their own. Many seem content to impart only a “smattering” rather than a mastery of a subject 
in their classes. He gave a list of about fifty topics including concepts and techniques from the field 
of secondary school mathematics in which the entering freshmen seem poorly prepared. He did not 
blame the teachers for the lack of knowledge on the part of the students, but attributed it to the 
trend of the times. 


4. What should be taught to bright high school students who intend to go to college?, 
by Mr. I. M. Rothman, Brooklyn Technical High School and Brooklyn College. 


The tentative course of study for the “Five Years in Four” mathematics honor classes at 
Brooklyn Technical High School was described. Then the speaker discussed concepts and topics 
that should be stressed, those that should be eliminated or minimized, and those that should be 
considered for inclusion in the curriculum for bright students. It was pointed out that we need 
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special textbooks for these students. Since these are not available at present, supplementary ma- 
terial should be prepared. 


5. Applications of non-euclidean geometry to some technological problems in waveguides, 
by Mr. G. A. Deschamps, Federal Telecommunication Laboratories, Nutley, New 
Jersey. 


The paper illustrated a practical use of non-euclidean geometry. In the first part some proper- 
ties of non-euclidean geometry of the hyperbolic type were reviewed using the well known conformal 
and projective models of Klein, Poincaré, and Beltrami. It was shown that on the projective model, 
geometrical constructions were greatly simplified by means of a “hyperbolic protractor” which 
gave the hyperbolic distance between two points by direct reading. A simple construction for the 
angles was also described. In the second part of the paper applications to waveguide technology 
were given. They were based essentially on the fact that the transformation of the reflection co- 
efficient through a waveguide junction could be represented by a congruent transformation in the 
hyperbolic space. Some specific problems that were simplified by this interpretation are: the de- 
scription of a junction by a minimum number of parameters, the experimental determination of 
these parameters, the interpretation of measurements taken on one side of the junction in terms of 
what they mean for the other side, the composition of junctions in cascade, and the design of match- 


ing elements. 


AZELLE B. WaALTCHER, Secretary 


‘ CALENDAR OF FUTURE MEETINGS 
Thirty-eighth Summer Meeting, Pennsylvania State University, University Park, 


Pennsylvania, August 26-27, 1957. 


The following is a list of the Sections of the Association with dates of future meetings 
so far as they have been reported to the Associate Secretary. 


ALLEGHENY Mountain, Westinghouse Re- 
search Laboratories, Pittsburgh, Penn- 
sylvania, May 4, 1957. 

ILtrno1s, Illinois State Normal University, 
Normal, May 10-11, 1957. 

INDIANA, May 4, 1957. 

Iowa, Iowa State Teachers College, Cedar 
Falls, April 26-27, 1957. 

KANSAS 

Kentucky, Berea College, Berea, April 20, 
1957, 

Louistana-MississipP1, Buena Vista Hotel, 
Biloxi, Mississippi, February 15-16, 1957. 

MARYLAND-DistRIcT OF COLUMBIA-VIRGINIA, 
Johns Hopkins University, Baltimore, 
Maryland, May 4, 1957. 

METROPOLITAN NEw York, April 27, 1957. 

Micuican, Wayne State University, Detroit, 
March 23, 1957. 


Minnesota, Carleton College, Northfield, 


May 11, 1957. 
Missouri, Southeast Missouri State College, 
Cape Girardeau, April 27, 1957. 
NEBRASKA, University of Nebraska, Lincoln, 
April 26, 1957. 


NEw JERSEY 

NORTHEASTERN 

NORTHERN CALIFORNIA, University of Cali- 
fornia, Berkeley, January 12, 1957. 

OKLAHOMA 

Paciric NorTHWEST, State College of Washing- 
ton, Pullman, June 14, 1957. 

PHILADELPHIA 

Rocky Movunrtatrn, Colorado School of Mines, 
Golden, May 3-4, i957. 

SOUTHEASTERN, Emory University, Emory 
University, Georgia, March 15-16, 1957. 

SouTHERN Catirornia, San Diego State Col- 
lege, May 11, 1957. 

SOUTHWESTERN, University of Arizona, Tucson, 
April 26-27, 1957. 

Texas, University of Houston, Houston, April, 
1957. 

Urrer New York State, Skidmore College, 
Saratoga Springs, May 4, 1957. 

Wisconsin, Wisconsin State College, White- 
water, May 11, 1957. 


Next month=-an important new text 


by WILLIAM L. HART 


Analytic Geometry 
and Calculus 


Designed for students having no formal previous acquaintance with analytic 
geometry. 

Introduces integration early, in a chapter restricted to the case of algebraic 
functions. 


Commences with fifteen lessons devoted solely to the most basic analytic geometry. 


The more advanced content in plane analytic geometry is woven in with the 
calculus. 


Transformation of coordinates by rotation of axes, treatment of the general equa- 
tion of the second degree, and other topics of plane analytic geometry not essential in 
elementary calculus are segregated in an optional chapter. 

The first third of the book could provide a three-hour semester course covering 
basic analytic geometry, plus a substantial part of differential calculus and a foundation 
chapter on integral calculus, restricted to algebraic functions, with applications. 

Aims at a high level of logical completeness, with the routine discussion appro- 
priate to the average student, and sometimes supplementary remarks on an elevated 
plane for the exceptional student. 

Approximately 4500 problems in the exercises, with full provision for routine 
drill, sets of miscellaneous examples, problems of special difficulty to test the more 
expert students, and review exercises. 


Relatively early location for the complete content on multiple integrals. 


Definition and moderate numerical use of the analytical concept of a definite 
integral, before introduction of indefinite integration. 


726p. (648p. text) 


D. C. Heath and Company 


Home Office: Boston 16 


Sales Offices: Englewood, N.J. Chicago 16 San Francisco 5 Atlanta 3 Dallas 1 
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P ' Take part in the design of atomic reactors 

, _.«. for naval propulsion at Combustion Engi- 

-neering’s Nuclear Research and Development 

< .° . Center, located on a 535 acre site in the beautiful. 
_ Cofinecticut valley near Hartford. 


Permanent positions available in the numerical Z 
ysis of programming problems for high-speed digital 
computers. Previous programming experience 
but not required. 


ng 


@ LONG ESTABLISHED COMPANY 


@ OPPORTUNITY FOR 
_ INDIVIDUAL GROWTH 


A NEW DIVISION “UIBERAL BENEFITS. 
OF A PIONEER IN T 


Submit Resume to ee 
Frederic A. Wyatt 


COMBUSTION ENGINEERING, INC. 


REACTOR DEVELOPMENT DIVISION, WINDSOR, CONN. 
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Mathematicians for Analysis Group of 
Modern Research & Development Laboratory 


Principal fields of interest are: Operations research, weapons system evaluation, application of 
atomic energy. Experience in any of these areas: Probability theory, optimization procedures, ex- 
terior ballistics, fire control and navigation systems, electromagnetic theory, acoustics or aero- 
dynamics. Several openings are available at all levels of training and experience in each of the 
following: 


Operations Research * Operations Analysis 
Applied Mathematics * Numerical Analysis 


These openings require men with vision and initiative. Our modern laboratory provides a pro- 
fessional working atmosphere and the location in a quiet suburban area provides pleasant living 
and working conditions. Liberal employee benefit program including tuition refund plan. 

All inquiries in confidence. Please send resume, including salary desired to Personnel Manager. 


Division of Vitro Corporation of America 


METALS RESEARCH LABORATORIES 
ELECTRO METALLURGICAL COMPANY 
Requires 


OPERATIONS RESEARCH ANALYST 
RESEARCH MATHEMATICIAN 


To work im a closely knit operations research type group of an expanding metallurgical and 
process research laboratory. Studies to be made of the allocation of resources and effort 
among various research projects. Evaluate new areas of interest and examine various opera- 
tions of both Laboratories and Company to determine fields in which operations research 
might be fruitfully applied. High speed computing equipment available. 

OPERATIONS RESEARCH ANALYST: Ph.D. in operations research or equivalent with 
M.S. or B.S. in Engineering, Physical Science, or Mathematics. To set up mathematical 
models for both economic and physical processes. Linear, quadratic and dynamic programming 
as well as inventory smoothing and statistical prediction and other techniques. No industrial 
experience necessary. 


RESEARCH MATHEMATICIAN: Ph.D. in Mathematical Physics or applied mathematic 
with B.S. in Physics or related discipline. To set up mathematical models for computation, 
assist experimentalists in setting up data reduction schemes for computer or in other methods 
of analyzing experimental results mathematically as well as in setting up experimental de- 
signs. Originate the application of new techniques for these purposes. Several years of ex- 
perience in applied mathematics, mathematical physics or operations research desirable but not 
essential for the right man. Please send resume including salary desired to R. J. Gladieux, 
Personnel Administrator, Metals Research Laboratories, Electro Metallurgical Company, 
P.O. Box 580, Niagara Falls, New York. 
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opportunities for 
mathematicians and statisticians 
at the 


GENERAL ELECTRIC RESEARCH LABORATORY 


The Information Studies Section of the General Electric 
Research Laboratory in Schenectady has several chal- 
lenging opportunities for mathematicians and statisticians 
who are prepared for and interested in pursuing a career i 
of fundamental research in such fields as the logic of 
information processing machines, and information 
theory. 


Prompt attention will be given to inquiries ad- 
dressed to Dr. Lewis Eldred, Research Laboratory, 
General Electric Company, Box 1088, Schenectady, 
New York. 


The Mathematical Association of America 


Any person interested in the field of mathematics is eligible for election 
to membership. Annual dues of $5.00 includes a subscription to the Ameri- 
can Mathematical Monthly. Members are also entitled to reduced rates for 
purchases of the Carus Mathematical Monographs and for subscriptions to 
several journals. 


Further information about the Association, its publications and its ac- 
tivities may be obtained by writing to: 


H. M. GEHMAN, Secretary-Treasurer 
The Mathematical Association of America 
University of Buffalo 
Buffalo 14, New York 
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Important Harper Texts 
for Mathematics and 
Business Mathematics 


Just Published— 
ADVANCED REAL CALCULUS 


by KENNETH S. MILLER, New York University 


An intermediate textbook for mathematics majors and senior-graduate courses, 
notable for: 


¢ The real number system developed by way of Dedekind cuts. 


¢ Numerous counter examples given to show the necessity for various parts of 
the hypothesis. 


© Topological concepts kept to a minimum. 
¢ Full discussion of the Reimann integral 


A thorough revision and considerable expansion 
of a well-known text— 


MATHEMATICS OF BUSINESS, 
ACCOUNTING, AND FINANCE 


by KENNETH L. TREFFTZS, University of Southern California 
and E, Justin Hits, Los Angeles City College 


The new title of ‘The Mathematics of Business and Accounting” first published 
in 1947, is indicative of the enlarged scope of the text, and suggests its greater 
usefulness for today’s students. The new book is an improved text in every way, 
clearly and simply presented, and attractively printed. 


And Announcing— 
THE MATHEMATICS OF INVESTMENT 


by ROGER OsBorN, University of Texas 


For Freshman-sophomore level college courses given in departments of mathe- 
matics for students of business administration and economics, this book covers 
only the elementary topics suitable for a lower-division course of one semester's 
duration. Emphasizing the mathematics of the subject, it is practical and applied 
to business needs throughout. 


HARPER & BROTHERS 
49 East 33d Street New York 16, New York 
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Yale University 
University of Wisconsin 
Tulane University 


University of 
North Carolina 


Wellesley College 
Washington University 
Columbia University 
Pomona College 
Brown University 


Michigan State 
University 


University of Cincinnati 
Purdue University 
College of the City of 
New York 
University of Nevada 
Swarthmore College 


East Texas State 
Teachers College 


Amherst College 
Brigham-Young University 
Rutgers University 
University of Notre Dame 
Colorado College 
University of Arkansas 
Wells College 
The Taft School 
University of Tennessee 
Kenyon College 


Randolph-Macon 
Woman's College 


Arizona State College 
Fordham University 
Macalester College 

Colby College 
The University of 
the South’ 


are representative of 
the many schools and 
colleges that have 
chosen either 


(or both) as their 
class texts. 


Rinehart & Company, inc. - 


Analytic 
Geometry 


NEAL H. McCOY and RICHARD E. JOHNSON 
of Smith College 


“The best analytic geometry I have ever used . . . de- 
velops a high degree of proficiency in working diffi- 
cult problems as well as giving an understanding of 
concepts . . . a first-rate book.” 301 pp., $3.50 


Fundamentals of 
College Mathematics 


RICHARD E. JOHNSON, NEAL H. McCOY 
and ANNE F. O'NEILL 
of Wheaton College 
“An excellent book, admirably suited to courses for 
freshman science and engineering students.” 
“Definitely better, more modern, clearer than the 
norm.” 479 pp., $5.00 


interesting new texts 
now in press 


Computing with Desk Calculators 


by WALTER VARNER, Univ. of Colorado 


Explains the fundamentals and each step in the 
use of modern calculators for many purposes. 


Understanding Arithmetic 
ROBERT L. SWAIN, New York State 
eachers College 
An original, lively, illustrated presentation of 
basic concepts, especially helpful for those pre- 
paring to teach. 


From the publishers of 


Britton’s CALCULUS 584 pp., $6.50 
RINEHART MATHEMATICAL TABLES, 
FORMULAS AND CURVES by Harold Larsen. 
Enlarged Ed. 280 pp., $2.50 


232 MADISON AVE., NEW YORK 16 


by 
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ANALYTIC 
GEOMETRY or 
FUNDAMENTALS 
xa OF COLLEGE 

MATHEMATICS 
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You mean | can get $20,000 
of TIAA Term insurance for 
less than $100 a year? 


That’s precisely the question an 
Assistant Professor from Purdue 
asked us the other day when he 
heard about TIAA’s new dividend 
scale. 

And it’s true! At his age 34 the 
annual premium for $20,000 of 10- 
Year Term insurance is $178.40 and 
the first-year dividend on the new scale is $89.40, making a net 
annual payment of $89.00. Dividend amounts, of course, are not 
guaranteed. 

“At that cost,” he said, “I can’t afford mot to have enough 
insurance.” 

This is just one example of the many low-cost TIAA plans avail- 
able to you if you’re a college staff member, part- or full-time. To 
get complete details, send us the coupon below. 


TIAA employs no agents—no one will call on you. 


Teachers Insurance and Annuity Association 
522 Fifth Avenue, New York 36, New York 


| 

} Please send me a Life Insurance Guide and the booklet, Plan Your 
| Life Insurance. 
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Ages of Dependents 
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INTRODUCTION TO FINITE 
MATHEMATICS 


by JOHN G. KEMENY, J. LAURIE SNELL and 
GERALD L. THOMPSON, all of Dartmouth College 


A new and original text, designed to introduce concepts in modern 
mathematics early in the student’s career and provide the foundation 
for important topics in mathematics outside the calculus, Aimed at 
the freshman level, it includes an introduction to: logic, set theory, 
partitions, probability theory, matrix theory, mathematical models, 
game theory and linear programming. 


This course, incorporating the uses of mathematics in the Social and 
Biological Sciences, has been successfully tested at Dartmouth College 
for two years, and together with a semester of calculus, fulfills the 
Duren Committee recommendations for a freshman course. The same 
combination carries out the recommendations of the Madow Com- 
mittee for the training of future behavioral scientists. 


For the first time matrices, Markov chains, linear programming and 
game theory have been put on the freshman level. No other pre- 
requisites than 244 years of high school mathematics are needed for 
courses employing this text. 


55% x 83% © Published Jan. 1957 


Row 
a 
Fon approval copies unite 


TABLES OF INTEGRALS AND OTHER MATHEMATICAL DATA— 
Third Edition 


By H. B. Dwicut, Professor Emeritus and Lecturer of Electrical Machin- 
ery, Massachusetts Institute of Technology 


This third edition of a standard reference for mathematics courses contains 
38 additional pages of tables, including 2 new tables of particular importance in 
modern computing methods: » sin. and cos. of Hundredths of Degrees, and 
(2) tan. and cot. of Hundredths of Degrees. 


Spring 1957 


VECTOR AND TENSOR ANALYSIS 
By NATHANIEL Cosurn, University of Michigan 


Providing the student with a unified treatment of vector and tensor analysis, 
this text also applies these subjects to the study of rigid-body dynamics, perfect 
fluids, differential geometry, finite deformation in elasticity, viscous fluids, com- 
pressible fluids, and turbulence. Vector analysis is treated in the conventional 
Gibbs manner (by use of directed line segments), with a distributive star product 
also introduced. 


1955 ° 341 pages e $7.00 


METHODS IN NUMERICAL ANALYSIS 


By Kay L. Nuetsen, Head of the Mathematics Division of the U. S. 
aval Ordnance Plant, Indianapolis 


oe recent developments in the field of numerical —_- Dr. Nielsen 
considers the analysis of tabulated data and the numerical methods of finding 
the solution to equations. Logical and theoretical background is balanced by 
the constant stress on doing and applying. Included are numerous illustrative 
examples, tables of necessary mathematical constants, and valuable schematics. 


1956 ° 382 pages ° $6.90 


SURVEY OF MODERN ALGEBRA—Revised Edition 


By Garretr Birxuorr, Harvard University and SAUNDERS MACLANE, 
University of Chicago 
Presupposing only high-school algebra, this text gives an integrated account of 
the theory of equations, elementary number aot, and modern algebra. Em- 
phasis is on the developments in modern algebra which have influenced modern 
physics, philosophy and higher mathematics. The text includes a discussion of 


classic algebra, as well as modern, including a presentation in English of the 
elegant form of the Galois Theory. 


1953 ° 472 pages e $6.50 
A BRIEF SURVEY OF MODERN ALGEBRA 
By GarRETT BiRKHOFF and SAUNDERS MACLANE 


The authors have converted the first ten chapters of their revised SURVEY 
OF MODERN ALGEBRA into a brief survey, suitable for shorter courses in 
linear algebra or modern algebra. 


1953 ° 276 pages ° $5.00 


The Macmillan 


60 FIFTH AVENUE, NEW YORK 11, N.Y. 
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ADVANCED CALCULUS 


By R. CreicHton Buck, University of Wisconsin. International Series in Pure and 
Applied Mathematics. 432 pages. $8.50 


An excellent text for mathematics majors presupposing mastery of basic calculus and some 
differential equations. It gives a systematic and modern approcch to the differential and 
integral calculus of functions and transformations. Analytical techniques for attacking some 
of the typical problems which arise in applications of mathematics are developed, and 
modern points of view in mathematics are introduced to the student. There are approxi- 
mately 450 exercises of varying difficulty with answers to most of them as well as hints for 
the more difficult ones. 


INTRODUCTION TO STATISTICAL ANALYSIS 


By W. J. Dixon and Franx J. Massey, both of the University of California, Los An- 
geles. New Second Edition. $6.00 


An excellent revision of one of the most popular of mathematical statistics texts. With no 
calculus prerequisite, it has been adopted in a variety of situations ranging from math 
departments and business administration, to biology and agriculture. It presents the basic 
concepts of statistics in a manner which will show the student the generality of the applica- 
tion of the statistical method. Much material has been brought up to date, with the latter 
chapters expanded to include several important topics. 


ELEMENTS OF PARTIAL DIFFERENTIAL EQUATIONS 


By Ian N. Sneppon, University of Glasgow. International Series in Pure and Applied 
$7.50 


Here are the elements of the theory of partial differential equations in a form suitable for the 
use of students and research workers whose main interest in the subject lies in finding solu- 
tions of particular equations rather than in the general theory. Although the treatment in- 
cludes a logical development of the theory of the subject, emphasis is on the numerous power- 
ful applications of the equations to the solution of a wide variety of problems in physics 
and engineering. The entire field of partial differential equations is covered, with modern 
techniques introduced as they arise naturally. A novel feature is the treatment of “advanced” 
topics by elementary methods. Especially noteworthy is the large number of worked examples 
and practical problems for solution by the reader. 


INTRODUCTORY COLLEGE MATHEMATICS 


By Rosert W. Wacner, University of Massachusetts. In press 


The author aims to give the student a concept of mathematics somewhat closer to a mathe- 
matician’s view than is usually attained in an introductory course. After introductory chapters 
on numbers and equations, the function concept is carefully presented and becomes the 
central theme of the book. Emphasis is on the interdependence of various aspects of the 
traditional content of freshman mathematics, with an effort made to minimize the number of 
formulas to be memorized. There is a careful and thorough treatment of each basic problem. 
Numerous problems are included. 
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